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Abstract

In modern data science and machine learning, particularly for large-scale problems, optimization plays a
crucial role. Mini-batching has emerged as a practical approach, yet its theoretical underpinnings remain
incompletely understood. This work aims to bridge this gap by providing rigorous theoretical analy-
sis of mini-batch stochastic gradient descent (SGD) methods. We prove that mini-batch SGD, applied to
consistent least squares problems, converges at the same rate as its deterministic counterpart, given a suf-
ficiently large batch size. Our analysis accommodates versatile sampling procedures, encompassing both
standard SGD with uniform sampling and averaging Kaczmarz methods. We provide both expectation
and high-probability bounds, leveraging novel concentration results for products of matrices—a depar-
ture from traditional optimization proof techniques. Building on Bollapragada et al.’s work [4], which
showed expected convergence for mini-batch SGD with heavy ball momentum, we extend their results to
provide high-probability bounds under the same conditions. Additionally, we present expectation bounds
for µ-strongly convex and L-smooth functions that closely approximate quadratics, demonstrating that
mini-batch SGD in the interpolation regime converges similarly to gradient descent, given an adequately
large batch size. Our results not only advance the theoretical understanding of mini-batching but also of-
fer practical insights for algorithm selection and tuning in large-scale optimization scenarios. By bridging
the gap between stochastic and deterministic methods, this work contributes to the foundation of efficient,
scalable optimization techniques for modern machine learning applications.
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CHAPTER 1. INTRODUCTION

CHAPTER

1

INTRODUCTION

In recent years, the field of numerical linear algebra and optimization has witnessed significant advance-
ments in the analysis of iterative methods. Particularly noteworthy is the development of new tools for
non-asymptotic growth and concentration bounds for products of independent random matrices. These
tools mirror the spirit of results previously established for sums of independent random matrices [41], yet
they open up new avenues for analysis in contemporary applications. One such application where prod-
ucts of random matrices arise naturally is in Kaczmarz iterative methods [40]. Recent work by Huang et al.
[22] has provided novel tools specifically tailored for analyzing products of random matrices in the con-
text of iterative methods. A key strength of these new techniques is their applicability to matrices without
specific structural assumptions, instead relying on conditions similar to those found in Bernstein-type in-
equalities, such as bounded first and second moments. This thesis aims to take a fundamentally different
approach from the existing literature and common proof techniques for iterative algorithms. Our primary
objective is to investigate whether these new tools for products of random matrices can yield novel results
and bridge gaps in the current body of knowledge. By leveraging these advanced analytical techniques,
we seek to deepen our understanding of iterative methods and potentially uncover new insights that have
eluded traditional approaches. Furthermore, our methods have yielded novel applications and results in
mini-batching theory, expanding the scope and impact of our research beyond initial expectations.

To appreciate the novelty of our approach, it’s important to understand the standard method for deriv-
ing convergence of stochastic first-order schemes [34, 15, 21, 37, 40, 6]. These schemes generally follow
an iterative update rule of the form xk+1 = Φ

[
x, f (x),∇ f (x)

]
, where f (x) is the objective function to

minimise or maximise. This can be summarised in three key steps:
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CHAPTER 1. INTRODUCTION

Step 1: Take the expectation of the square error conditioned on the history of iterates:

Exk |xk−1,...,x1
∥xk+1 − x∗∥2 = Exk |xk−1,...,x1

∥Φ
[
xk, f (xk),∇ f (xk)

]
− x∗∥2 (1.1)

Step 2: Use the geometry of the L2 inner product together with properties of the objective function
f (strong convexity, smoothness, etc.) to upper bound the conditional expectation:

Exk |xk−1,...,x1
∥Φ
[
xk, f (xk),∇ f (xk)

]
− x∗∥2 ≤ L · ∥xk−1 − x∗∥2 + Noise (1.2)

where L corresponds to the linear convergence rate.

Step 3: Use steps 1 and 2 recursively together with the law of total expectation to obtain a bound
of the form:

E∥xk+1 − x∗∥2 ≤ Lk∥x0 − x∗∥2 + Ñoise (1.3)

Following the approach proposed by Bollapragada et al. [4], we restrict our analysis to the class of linear
iterative operators satisfying:

Φ
[
xk, f (xk),∇ f (xk)

]
= Tk · xk s.t. Φ

[
x∗, f (x∗),∇ f (x∗)

]
= 0 , x∗ = Minimizer of f (1.4)

Here, Tk is a random matrix. This formulation, which explicitly involves products of random matrices,
serves as the primary motivation for studying linear iterative operators through this lens. Our analysis of
these iterative operators, grounded in random matrix theory, follows these key steps:

Step 1: Unfold the recursion of the error norm and upper bound it by the sub-multiplicative prop-
erty of norms:

∥xk − x∗∥ = ∥Tk · · · T1 · (x0 − x∗)∥ ≤ ∥Tk · · · T1∥ · ∥x0 − x∗∥ (1.5)

Step 2: Control the expectation or the tail (with probability δ) of the spectral norm of the product
of independent random matrices:

E∥Tk · · · T1∥ ≤ Constant ·
(
·
)k or P

{
∥Tk · · · T1∥ ≤ Constant ·

(
·
)k
}

≤ 1 − δ (1.6)

Several well-known algorithms belong to the family of first-order iterative methods satisfying equation
(1.4), especially in the context of solving consistent least squares problem

{
f (x) = ∥Ax − b∥2; A ∈ Rn×d, b ∈ Range(A)

}
(1.7)

These include :
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CHAPTER 1. INTRODUCTION

- Randomized Kaczmarz (RK) methods [40] and their accelerated modifications (Accelerated Random-
ized Kaczmarz (ARK)) [28, 33, 47], along with numerous related techniques, which are comprehen-
sively summarised in the survey by [14].

- Stochastic Gradient Descent (SGD) with importance sampling, which has a direct link to the RK
algorithm [33].

- Adding Heavy Ball Momentum (HBM) to the SGD and RK.

- Batching methods, a common practice in modern optimization to improve speed while managing
per-iteration costs. In the context of SGD or RK, we refer to these as mini-SGD, and when HBM
is added, mini-HBM. For RK algorithms, mini-SGD (and mini-HBM) correspond to RK with block
averaging (plus momentum) [17, 15, 37].

This thesis partially builds upon the work of Bollapragada et al. [4], which demonstrated that, in
expectation, mini-HBM converges as fast as its deterministic version in terms of the condition number of
AT A denoted κ. Their results show that for achieving ϵ-error iterates, we need at least O

(√
κ log(1/ϵ)

)
iterations, provided the batch size is large enough. This rate is known to be the informationally theoreti-
cally optimal [34]. We extend their work by providing a stronger version of their result, showing that we
can attain the optimal rate not only in expectation but with high probability. This implies that our bounds
can be used for confidence intervals. We also provide results for mini-SGD, both in expectation and with
high probability for completeness. These results indicate that mini-SGD requires a smaller batch size than
mini-HBM to converge at a rate close to its deterministic version (GD). Inspired by the importance of op-
timization in modern data science and machine learning, we also demonstrate that mini-SGD converges
as fast as GD on µ-strongly convex and L-smooth families of objective functions for finite sum problems
( f (x) = ∑i fi(x)) under interpolation regime, given the batch is large enough.

It’s worth noting that in the context of Empirical Risk Minisation (ERM), several well-known learning
paradigms, such as logistic regression, yield optimization objectives that fall into this category.

1.1 Contributions

1.1.1 Consistent Linear System of Equations

In this section, we consider the consistent least squares problem with system matrix A ∈ Rn×d, formally
defined in problem 2.2.3. We focus on the setting where the number of rows is much larger than the
number of columns, i.e., n ≫ d. For all results in Table 1.1.1 we make the following assumption (which is
stated again in chapter 3 Assumption: 3.1.1 for completeness). The mini-batch stochastic gradient descent
(mini-SGD) is defined in Definition 2.3.1, and the mini-batch heavy ball momentum (mini-HBM) is defined
in Definition 2.3.2.

We assume that for some η ≥ 1 the sampling probabilities pj from mini-SGD satisfies

ηpj ≥
∥aj∥2

∥A∥2
F

∀j ∈ [n] (1.8)
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CHAPTER 1. INTRODUCTION

Convergence Type Algorithm Iterations #Rows Prod/Iter References

- HBM
√

κ n [27, 21, 37]

E mini-HBM
√

κ B ≳ d · log(d) · κ ·
√

κ [4]

P mini-HBM
√

κ B ≳ d · log(d/δ̃) · κ ·
√

κ (cor 3.4.1)

- GD κ n [15, 34]

E mini-SGD κ B ≳ d · log(d) · κ (cor 3.1.2)

P mini-SGD κ B ≳ d · log(d/δ̃) · κ (cor 3.2.1)

E SGD/RK d · κ 1 [33, 40]

E ARK d ·
√

κ 1 [28]

Table 1.1: Runtime comparisons for mini-batch versions of Kaczmarz method / stochastic gradient descent with
weighted sampling, both with and without heavy ball momentum, applied to consistent linear systems. Here, κ cor-
responds to the condition number with respect to the 2-norm of the matrix AT A, and κ represents the corresponding
smoothed condition number, where A is an n × d matrix.The results that hold in expectation with respect to the
stochasticity of the algorithm are denoted by the symbol E, whereas stronger versions of the results (i.e., those that
hold with high probability) are denoted by the symbol P.

Comparison and Literature Review of the Results

For mini-SGD with uniform probabilities, which is the most commonly used setting for solving machine
learning algorithms, our assumption covers this case with pj := 1/n and η = n · maxj ∥aj∥2/∥A∥2

F. In
the case where η = 1, implying pj = ∥aj∥2/∥A∥2

F, the mini-SGD recovers the average block Kaczmarz
method [31]. To compare, the RK algorithm can be reformulated as the cyclic RK [23], which is shown
to converge in d · κ iterations. Note that κ =

λavg
λmin

corresponds to the smoothed condition number of AT A,
with λavg = 1

d ∑i λi and λmin being the smallest eigenvalue. We draw the following important relation
between the smoothed and standard condition numbers:

κ ≤ κ ≤ d · κ (1.9)

Hence, our results show that mini-SGD (or average block RK) outperforms RK at the cost of more
row iterations. From a practical point of view, our results demonstrate a significant improvement over
RK if parallelization is allowed [8]. Moreover, we also provide a convergence analysis with high proba-
bility, which can be used for establishing confidence intervals, implementing early stopping, managing
resources efficiently, and providing stronger guarantees. To the best of our knowledge, this is the first
high probability bound for average block RK with guarantees.
The work of Ma et al. [30] demonstrates the existence of a critical batch size for mini-batch stochas-
tic gradient descent with uniform sampling on quadratics. For batch sizes exceeding this critical value,
the convergence rate approaches that of full-batch gradient descent. While their analysis focuses on the
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CHAPTER 1. INTRODUCTION

overparameterized setting (d ≫ n), our results extend to importance sampling and primarily address the
scenario where n ≫ d. Additionally, we provide a high-probability bound, which is not present in their
work.

For mini-HBM, several studies have contributed to our understanding of its convergence properties
and performance: Loizou and Richárik [29] demonstrated a linear rate of convergence for the linear re-
gression problem. However, the convergence rates they obtained are slower than the deterministic rate
of HBM. Can et al. [7] provided various guarantees for mini-HBM. Their analysis, however, requires
bounded variance of the stochastic gradient, which is not applicable in the context of Kaczmarz methods.
Lee et al. [26] showed that mini-HBM converges in expectation at a rate equivalent to deterministic HBM
for a specific batch size. Their result improves upon the work of Bollapragada et al. [4] by a factor of κ.
However, their analysis relies on strong assumptions about the system matrix A, specifically orthogonal
invariance. In contrast, our approach and that of Bollapragada et al. [4] do not impose such constraints on
the system matrix. Bollapragada et al. [4] provided results in expectation convergence. Our work extends
their findings by establishing a stronger result with high probability, as presented in result 1.1.1.

Combining our findings on mini-SGD (for both in expectation and high-probability cases) and mini-
HBM (for high-probability cases) with the in expectation-case results from Bollapragada et al. [4], we
observe that both methods yield the same total computational cost when considering the product of itera-
tions and row operations. However, it’s important to note that such theoretical analyses may not directly
translate to practical applications, as the actual computational cost heavily depends on implementation-
specific factors such as memory allocation and parallelization strategies. Nevertheless, Table 1.1.1, which
summarizes our findings, provides insight into the trade-offs between mini-SGD and mini-HBM. These
trade-offs primarily involve the number of iterations versus the number of row operations per iteration.
From a parallelization perspective, using mini-HBM to achieve convergence comparable to HBM requires
√

κ more threads than mini-SGD. This difference can be significant for large values of κ, highlighting the
importance of method selection based on the specific computational resources available and the charac-
teristics of the problem at hand.

1.1.2 µ−Strongly Convex and L−Smooth on Finite Sum Problems with Interpolation

In this section, we transition from the quadratic setting to what we loosely define as "almost quadratic."
This category encompasses finite sum problems in the interpolation regime that are µ-strongly convex
and L-smooth. A formal definition is provided in problem 2.2.4. We assume that the iterates remain
within a region where the objective function behaves approximately quadratically, which is a common
assumption for analysis purposes [19, 30]. In this context, a key step in our analysis involves replacing the
(stochastic) gradient in the mini-SGD algorithm with its second-order Taylor approximation (see section
3.2). Furthermore, we make specific assumptions about the probability distribution used in mini-SGD. For
completeness, this assumption is restated in section 3.2 as assumption 3.3.1.
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Assume for some η > 1 that the following condition holds for the probabilities pi in mini-SGD

∥Hi∥
pi

≤ η∥H∥ ∀i ∈ [n] (1.10)

where H := ∇2 f (x∗) and Hi := ∇2 fi(x∗) are the respective Hessians of the sum of functions f and the
individual summands fi evaluated at the interpolation point x∗. Similar to the assumption made in the
context of consistent least squares, we aim to allow for a more general form of sampling than the uniform
distribution typically used in machine learning.

Convergence Type Algorithm Iterations #Rows Prod/Iter References

- GD κ n [17], [6], [34]

E mini-SGD κ B ≳ log(d)κ (cor 3.3.1)

E mini-SGD κ̃ B ∈ [1, n] [15], [18]

E SGD κmax 1 [34], [17]

Table 1.2: Runtime comparisons for stochastic, mini-batch, and plain gradient descent applied to finite sum problems
in the interpolation regime, for which the underlying function is µ-strongly convex and L-smooth. Here, κ := L

µ ,

whereas κmax := maxi Li
µ . The term κ̃ interpolates between κ and κmax. The results hold in expectation with respect

to the stochasticity of the algorithm, encoded by the symbol E.

Comparison and Literature Review of the Results

Ma et al. [30] identify a saturation point for batch size, beyond which mini-SGD with uniform sam-
pling converges approximately at the same rate as its deterministic counterpart on µ-strongly convex
and L-smooth functions for finite sum problems under interpolation, in the overparameterized regime
d ≫ n. Our results focus on the regime n ≫ d. While their regime is highly relevant from a modern ma-
chine learning perspective, where overparameterized models predominate in practice, our results could
potentially be extended from interpolation to noisy settings, as demonstrated for the quadratic case by
Bollapragada et al. [4]. This represents an initial attempt to explore the value of the proof technique be-
yond the context of linear systems. The mini-SGD algorithm on µ-strongly convex and L-smooth settings
has been extensively studied. We refer to the results of a recent survey by Garrigos et al. [15]. Their
findings demonstrate a linear convergence of mini-SGD on Fµ,L of the order:

κ̃ =

(
n(B − 1)
B(n − 1)

)
κ +

(
n − B

B(n − 1)

)
κmax (1.11)

where κ = L/µ represents the ratio of smoothness to strong convexity parameters of the sum of functions,
while κmax corresponds to maxi Li/µ, where Li is the smoothness parameter of the summand function fi

in the finite sum problem (2.2.2). For B = 1, the convergence rate is of order κmax, whereas for full batch,
it is of order κ. Note that κmax can be significantly larger than κ. Our results indicate that beyond a certain
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CHAPTER 1. INTRODUCTION

batch size threshold, the rate is of order κ. We illustrate this comparison in figure 1.1.

R
at

e
κ

κmax

1 log(d)κ n

Batch size =: B

(B, κ)

Figure 1.1: Illustration of the result presented in Table 1.2.

Remark 1.1.1 It is important to note that, for the sake of our analysis, we approximate the
gradient ∇ fi(x) for all i ∈ [n] by its second-order Taylor approximation at the interpolation point
x∗. The error generated from this approximation is not accounted for in the error bounds we
present.

1.2 Notation

Notation: We use the following conventions:

• Random variables (scalar) are denoted by bold underlined lowercase letters, e.g., x

• Random matrices of size n × d are denoted by bold underlined uppercase letters, e.g., X

• Variables with an asterisk correspond to minimizers of the optimization problem, e.g., x∗

• We use the ℓ2-norm ∥ · ∥ for vectors and the spectral norm ∥ · ∥ for matrices

• The Frobenius norm is denoted by ∥ · ∥F

• Throughout, A ∈ Rn×d is assumed to be full rank

• The row rank of the matrix A is denoted R(A)

For matrix AT A:

• κ(AT A) denotes the condition number with respect to the 2-norm

• λ(AT A)i represents the eigenvalues

• λmax(AT A) and λmin(AT A) denote the largest and smallest eigenvalues, respectively

For matrix A:

• σ(A)i represents the singular values, ordered as σ1(A) ≥ · · · ≥ σd(A)

The smoothed condition number is defined as κ = λavg/λmin, where λavg = 1
d ∑d

i=1 λi.
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CHAPTER 1. INTRODUCTION

1.3 Thesis Mindmap Overview

In this section, we present a simplified overview of the work conducted in this thesis through the lens of
two flow charts: one for solving consistent linear least squares problems, and another for optimising µ-
strongly convex and L-smooth functions under the interpolation regime. These flow charts provide visual
links to different parts of the thesis. Our novel contributions are highlighted in light green. The symbol E

encodes that the results of the iterates error norm are in expectation, whereas the symbol P encodes that
the results are with high probability.

- Concentration for Prod. of RM

* Paper: [22]

- Concentration for Sum. of RM

* Paper: [41]

Probability Theory

- µ Strongly Convex (def:A.0.2)

- L Smooth (def:A.0.3 )

- Interpolation Regime (def:2.2.1 )

* Problem: 2.2.4

Optimisation

Merging Theory

Minibatch SGD
(def: 2.3.1 )

E

- Theorem: 3.3.1

- Corollary: 3.3.1

Results
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- Concentration for Prod. of RM

* Paper: [22]

- Concentration for Sum. of RM

* Paper: [41]

Probability Theory

- Consistent Least Squares

* Problem: 2.2.3

Optimisation

Merging Theory

Minibatch SGD
(def : 2.3.1)

Average Block Kaczmarz
(def : 2.3.1 + pj = ∥aj∥2/∥A∥2

F)

Algorithm Family

Minibatch SGD
+ Heavy Ball Momentum
(def :2.3.2 )

Average Block Kaczmarz
+ Heavy Ball Momentum
(def : 2.3.2 + pj = ∥aj∥2/∥A∥2

F)

Algorithm Family

E

- Theorem: 3.1.1

- Corollaries: 3.1.1, 3.1.2

P

- Theorem: 3.2.1

- Corollary: 3.2.1

Results

E

- Theorem: 4 in [4]

- Corollary: 1 in [4]

P

- Theorem: 3.4.2

- Corollary: 3.4.1

Results
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CHAPTER 2. PRELIMINARIES

CHAPTER

2

PRELIMINARIES

2.1 Concentration of Measure: A Cornerstone of Modern Probability

This chapter aims to provide the reader with a "minimal overview" of the background in concentration
theory necessary to understand the novelty of the tools borrowed from recent advancements in probability
theory. It may also help elucidate the timeline of concentration theory, which motivates our retrospective
approach in analyzing iterative methods, as some relevant results were not available earlier. We begin by
presenting what we consider to be common graduate-level knowledge in data science regarding concen-
tration in scalar and sum cases. We then outline some lines of work extending these concepts to matrix
and product cases.

2.1.1 Concentration of Measure: Background

A fundamental question in probability theory concerns how closely a functional over a set of independent
random variables {x1, . . . , xn} approximates its expectation:

f (x1, . . . , xn) ≈ E[ f (x1, . . . , xn)] (2.1)

This question has been extensively studied in scalar form for various functional forms f under the
name "concentration of measure phenomena" [25].

In this thesis, we employ tools to control functionals in the form of products and sums of independent
random matrices. Controlling sums of independent random variables is known as Bernstein inequalities.
For completeness, we recall what we mean by control in that case:
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P

{∣∣∣∣∣∑i
xi

∣∣∣∣∣ ≥ t

}
≤ Something(var(∑

i
xi), t) (2.2)

where we hope this "something" decays rapidly, typically exponentially (or sub-Gaussian [42]). To
achieve such bounds for scalar random variables, the key step is applying the Laplace technique to the mo-
ment generating function. The moment generating function of the sum becomes a product of independent
moment generating functions, which are then upper bounded using Markov’s inequality:

E[exp(λ ∑
i

xi)] = ∏
i

E[exp(λxi)] and Markov’s inequality (2.3)

Extending similar results to sums of random matrices has been of great interest for analyzing various
data science problems such as covariance estimation, graphs, randomized linear algebra, analysis of kernel
methods, and dimension reduction (see [42, 44]). The key challenge in extending equation 2.2 to matrices
lies in their non-commutativity, as commutativity is required almost surely for equation 2.2 to hold. In
a series of works [2, 35, 41], authors provided more technical results which can be summarized by the
following idea:

E[Tr(exp{λ ∑
i

X i})] ≤ Tr(exp{∑
i

log E[eλX i ]}) and Markov’s inequality (2.4)

where the results incur a factor of d compared to the scalar case, with d representing the dimension of
the matrix:

P

{∥∥∥∥∥∑i
X i

∥∥∥∥∥ ≥ t

}
≤ d · Something(var(∑

i
X i), t) (2.5)

The result we use concerning concentration for sums of independent random matrices (Theorems 2.1.1)
are taken from the work of Tropp [41].

The case where the functional f is a product of random elements (matrices or scalars) also has ap-
plications in modern data science, such as control of dynamical systems and reinforcement learning the-
ory [9, 10]. Classical work on controlling products of random matrices has primarily been conducted
in the asymptotic regime: Bellman [3] studied the law of large numbers and central limit theorem for
n−1 log(Xn · · · X1)ij. The field of Free Probability, mainly developed by Dan Voiculescu in the late 1980s
[43, 39], also studies products of random matrices, but again in the regime where the dimension d ap-
proaches infinity.
For non-asymptotic results, Henriksen and Ward [20] provided findings for products of random matrices
with minimal requirements on matrix structure. Their results are based on a clever decomposition of
products into sums of independent random matrices. The techniques used for this decomposition are de-
rived from combinatorics theory. They then apply Bernstein inequalities to bound each sum in the product
decomposition. The results we use in this thesis (Theorems 2.1.2 and 2.1.3) are taken from the work of
Huang et al. [22]. Huang et al. improve upon Henriksen’s work by providing tighter results through the
exploitation of geometric properties of the Banach space (Rd×d, ∥ · ∥p) known as Uniform Smoothness.
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2.1.2 Concentration of Measure: Results

Theorem 2.1.1 Bernstein Like Inequality

Consider a finite sequence {W k} of independent random matrices with common dimension d1 × d2.
Assume that

EW i = 0 and ∥W i∥ ≤ W (2.6)

and introduce the random matrix
Z = W1 + · · ·+ W k (2.7)

Let ν(Z) be the matrix variance statistic of the sum:

ν(Z) = max
{
∥ ∑

i∈[k]
EW iW

T
i ∥, ∥ ∑

i∈[k]
EW T

i W i∥
}

(2.8)

then,

E∥Z∥ ≤
√

2ν(Z) log(d1 + d2) +
1
3

W log(d1 + d2) (2.9)√
E∥Z∥2 ≤

√
2eν(Z) log(d1 + d2) + 4eW log(d1 + d2) (2.10)

Furthermore, ∀t ≥ 0 ,

P

{
∥Z∥ ≥ t

}
≤ (d1 + d2) exp

(
−t2/2

ν(Z) + Wt/3

)
(2.11)

Proof of Theorem 2.1.1.
The bound on E∥Z∥ to Theorem 6.1.1 in [41] whereas the bound on

√
E∥Z∥2 corresponds to a matrix

formulation of the Rosenthal-Pinelis inequality [36] (Thm: 4.1 ), [41] (eq: 6.1.6). This theorem also corre-

sponds to the proposition 2 in [4] □

Theorem 2.1.2 Expectation Bound for Products of Random Matrices

Consider an independent sequence {Y1, . . . , Yk} of random matrices with dimension d × d, and
form the random product Zk = Y1 · · ·Yk. Assume that

∥EY i∥ ≤ mi and
(
E∥Y i − EY i∥2)1/2 ≤ σimi ∀i ∈ [k]

Let M := ∏i∈[k] mi and ν = ∑i∈[k] σ2
i . Then

E∥Zk∥ ≤ exp
(√

2ν max{2ν, log(d)}
)
· M (2.12)

Proof of Theorem 2.1.2.

The theorem correspond to corollary 5.4 in [22] . □
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Theorem 2.1.3 Tail Bound for the Spectral Norm of Product of Random Matrices

Consider an independent sequence {Y1, . . . , Yk} of d × d random matrices, and form the product
Zk = Yk · · ·Y1. Assume that

∥EY i∥ ≤ mi and ∥Y i − EY i∥ ≤ σimi almost surely ∀i ∈ [k]

Let M := ∏i∈[k] mi and ν = ∑i∈[k] σ2
i . Then

P
{
∥Zk∥ ≥ tM

}
≤ d exp

{− log2(t)
2ν

}
when log(t) ≥ 2ν (2.13)

Proof of 2.1.3.

The Theorem corresponds to corollary 5.6 in [22] □
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2.2 Optimisation: Theory

This thesis draws upon various concepts from optimization theory and numerical linear algebra. As termi-
nology can vary across different fields, we will clarify these concepts and establish the nomenclature used
throughout the remainder of this work. For formal definitions of µ-strong convexity and L-smoothness,
as well as related theoretical results, please refer to Appendix A.0.1 and Appendix A.0.2.

2.2.1 Common Optimisation Problems

This section introduces a spectrum of optimization problems that will be instrumental in later chapters of
this thesis. We begin by defining a broad class of optimization problems, characterized by minimal known
structure on the objective function. Subsequently, we present more specific classes of objective functions,
highlighting their distinctive properties and applications. We also provide an overview of the fields where
these optimization problems are particularly relevant, demonstrating their wide-ranging applicability.
Given the extensive literature on optimization, we have chosen to anchor our discussion primarily in the
comprehensive survey by Garrigos et al. [15]. This recent work provides a unified framework for many
optimization concepts, aligning closely with the problems we address in this thesis. We derive most of our
definitions and terminology from this comprehensive review, which allows us to situate our contributions
within the current state of the field.

Problem 2.2.1 Well Defined Unconstraint Optimisation

min
x∈Rn

f (x)

for f continuous and assume the existence of a minimum value solution

∃x∗ s.t f (x∗) ≤ f (x) ∀x ∈ Rn

Problem 2.2.2 Finite Sum Objective

Assuming a well defined problem 2.2.1, we wish to minimise a function f : Rd → R which can be
written as

f (x) := ∑
i∈[n]

fi(x)
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Remark 2.2.1 Finite sum objective as in 2.2.2 plays an important role in machine learning and
statistics, particularly for ERM. Indeed, the goal of a learning setting is to find a measurable map
f : X → Y given a set of observations Dn = {xi, yi}i∈[n]. Depending on the problem at hand,
the function f is restricted to a function class F . Taking a decision theory approach as in [24] the
learning problem can be formulated as a risk minisation

min
f∈F

R( f ) := EPl( f (x), y) (x, y) ∼ P (2.14)

where the loss l : X ×Y → R encodes a penalty which is user defined and problem dependent.
The risk function in eq 2.14 is not computable as P is unknown. The ERM paradigm replaces the
measure P by its empirical counter part P̂D leading to an optimisation problem of the form 2.2.2,
i.e

min
f∈F

R̂( f ) :=
1
n ∑

i∈[n]
l( f (xi), yi) (2.15)

Often the function class F is assumed to be parametrised by some θ ∈ Θ yielding

min
θ∈Θ

R̂(θ) =
1
n ∑

i∈[n]
l( fθ(xi), yi) (2.16)

Definition 2.2.1 Interpolation

Consider the problem of the form 2.2.2. We say that interpolation holds if there exists a common
x∗ ∈ Rd such that fi(x∗) = inf fi ∀i ∈ [n]. Then, interpolation holds at x∗.

Remark 2.2.2 From the definition 2.2.1 it is easy to see that if interpolations holds i.e

f (x∗) = ∑
i∈[n]

fi(x∗) ≤ ∑
i∈[n]

inf fi ≤ ∑
i∈[n]

fi(x) = f (x) (2.17)

which implies

x∗ ∈ arg min f (x) (2.18)

Then, in a machine learning context (ERM ) we see from eq 2.15 that interpolation means there
exists a function f ∗ ∈ F that interpolates the data points Dn
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Problem 2.2.3 Least-Squares

For a given A ∈ Rn×d and b ∈ Rn the least squares minisation problem is

x∗ = arg min
x∈Rd

1
2
∥Ax − b∥2 (2.19)

If b ∈ R(A) we refer to it as consistent and we are in interpolation regime (def 2.2.1)
If b /∈ R(A) we refer to it as inconsistent
The least square problem is a finite sum problem 2.2.2 i.e

f (x) =
1
2
∥Ax − b∥2 =

1
2 ∑

i∈[n]
(⟨ai, x⟩ − bi)

2 (2.20)

Lemma 2.2.1

The least squares objective in problem 2.2.3 is µ-stronly convex (def: A.0.2) and L-smooth (def:
A.0.3) with parameters

µ = λmin(AT A) L = λmax(AT A)

Proof. 2.2.1 the function f (x) is twice continously differentiable, hence we use the equivalence between L
smoothness and lipschitz gradient:

∥∇ f (x)−∇ f (y)∥ = ∥AT A(x − y)∥ ≤ ∥AT A∥︸ ︷︷ ︸
=:L

∥x − y∥

Using lemma A.0.2 ∃g(x) s.t g(x) = f (x)− µ
2 ∥x∥2 is convex. By second order charachterisation of convex-

ity this is equivalent to

0 ⪯ ∇2g(x) ⇔ µId×d ⪯ ∇2 f (x)

By Courant-Fisher theorem:

λi(AT A) ≥ µ ∀i ∈ [d]

µ := λmin(AT A) =⇒ µ − strong convexity

□
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Problem 2.2.4 Finite-Sum: µ− Strongly Convex and L− Smooth

Assume a finite sum problem as in 2.2.2 i.e

f (x) = ∑
i∈[n]

fi(x) (2.21)

Moreover,
fi ∈ Fµ,L := { fi : µi − Strongly Convex, Li − Smooth} (2.22)

Remark 2.2.3 Problem 2.2.4 plays an important role in machine learning. The least squares
problem 2.2.3 in the ERM setting corresponds to a quadratic loss function, which is not suitable for
classification tasks. Encoding a binary classification task as a type of regression problem yields, in
the ERM setting, a loss function called "logistic loss" [13]. The logistic loss with L2 regularization
is a µ-strongly convex and L-smooth function [6]. Other types of L2-regularized ERM problems
have loss functions that belong to Fµ,L, such as the "hinge loss" for classification tasks modeled as
support vector machines [6].

2.2.2 Gradient Descent

The origin of gradient descent lies in 19th-century mathematics, but its development and adoptation
into the field of machine learning have made it a cornerstone of modern optimization techniques. Its
popularity stems from its simplicity, effectiveness, scalability, and foundational role in training machine
learning models, particularly in the context of deep learning. This combination of factors has cemented
gradient descent as a go-to algorithm in both theoretical research and practical applications.

At the same time, we find that gradient descent has, in some ways, become a victim of its own success.
The algorithm is so widely discussed and popularized that finding in-depth, high-quality information can
be challenging—especially when searching through common online sources or on the internet. Many ex-
planations have been oversimplified, often overlooking the algorithm’s numerical analysis foundations. In
response, we propose an approach that revisits gradient descent from a numerical analysis perspective—a
viewpoint that we believe offers a deeper and more rigorous understanding, which is often neglected in
the typical machine learning context. We build our approach inspired by the work in [38]. Our Approach:
For a detailed derivation of gradient descent,

see Appendix A.0.3, Understanding Gradient Descent.

We now define the gradient descent iterative scheme:

Definition 2.2.2 Gradient Descent

The GD defines a sequence
{

xk
}

k∈N
satisfying

xk+1 = xk − αk∇ f (xk)

where {αk}k∈N is the set of so-called step sizes.
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2.2.3 Momentum

The concept of momentum [def: 2.2.3] in optimisation algorithms, particularly in gradient-based methods,
has its roots in the mid-20th century, where it was originally introduced to accelerate convergence rates
in iterative algorithms. Over time, momentum has been adapted and refined within the field of machine
learning, where it has become a fundamental tool in enhancing the performance of gradient descent and
other optimisation techniques. Its widespread adoption is due to its ability to mitigate the oscillations
often encountered in gradient descent, thereby providing faster and more stable convergence, particularly
in the training of deep neural networks.

However, much like gradient descent, the success of momentum has led to an over-saturation of sim-
plified explanations and resources, often diluting the rich, underlying theory. This oversimplification,
particularly in easily accessible sources, can make it difficult to find comprehensive, high-quality infor-
mation. Consequently, the deeper mathematical foundations of momentum, such as its origins in classical
numerical analysis, are frequently overlooked. To address this, we present an approach that revisits mo-
mentum from a numerical analysis standpoint—a perspective that offers a more profound and rigorous
understanding, often under-appreciated in the context of its application in machine learning. Our ap-
proach is inspired by the foundational work in [38, 45]. Our Approach: For a detailed derivation of
momentum methods,

Refer to the manuscript titled Understanding Momentum in Appendix A.0.4.

We now define the general first order iterative scheme with momentum:

Definition 2.2.3 Momentum Iterative Scheme

Let {xk}k∈N be the sequence of iterates and {mk}k∈N be the sequence of momentum terms. The
method is characterised by two sequences of user-defined parameters: learning rates {αk}k∈N and
momentum coefficients {γk}k∈N, where αk, γk ∈ (0, ∞) for all k ∈ N. For each iteration k ∈ N, the
update rules are given by:

mk+1 = γkmk + (1 − γk)∇ f (xk)

xk+1 = xk − αkmk+1

where f : Rn → R is the objective function to be minimized, and ∇ f (xk) is its gradient at xk.

Claim 2.2.1 Equivalence of General Scheme

An equivalent formulation of the general scheme is

xt+1 = xt − α̃t∇ f (xt) + β̃t(xt − xt−1)

with

α̃t = αt(1 − γt) β̃t =
αtγt

αt−1
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Proof of 2.2.1.
∀t ∈ N > 0 we have:

mt =
xt−1 − xt

αt−1

=⇒ mt+1 =
γt

αt−1
(xt−1 − xt) + (1 − γt)∇ f (xt)

⇔ xt − xt+1

αt
=

γt

αt−1
(xt−1 − xt) + (1 − γt)∇ f (xt)

⇔ xt+1 = −αt(1 − γt)∇ f (xt) +
αt

αt−1
γt(xt − xt−1)

□

Definition 2.2.4 Heavy Ball Momentum

Let {xk}k∈N be the sequence of iterates. The HBM is characterized by two fixed user-defined
parameters: a learning rate α > 0 and a momentum coefficient β ∈ [0, 1).
For each iteration k ∈ N, the update rule is given by:

xk+1 = xk − α∇ f (xk) + β(xk − xk−1)

where f : Rn → R is the objective function to be minimized, and ∇ f (xk) is its gradient at xk.

2.2.4 Theoretical Optimality of First-Order Methods on Quadratic Problems

Our findings on mini-SGD and mini-HBM on least squares problem 2.2.3, along with the results from
Bollapragada et al. [4], are summarised in Table 1.1.1. These can be benchmarked against the known
information-theoretic limitations for first-order iterative schemes on quadratic problems. A fundamental
result in optimization theory, as presented in [34], establishes the information-theoretic lower bound for
first-order methods. It states that under mild conditions, no first-order iterative method can converge
faster than O

(√
κ(Q)

)
iterations for ϵ-accuracy on quadratic objectives of the form f (x) := xTQx + bTx.

Notably, the HBM algorithm applied to the least squares problem 2.2.3 achieves this optimal convergence
rate of O

(√
κ(AT A)

)
, matching the information-theoretic lower bound.

2.3 Stochastic Optimisation

Recall that the problems we tackle in this thesis fit within the framework of finite sum problems (Equations
2.2.3 and 2.2.4), i.e.,

min
x∈Rd

f (x) = min
x∈Rd

∑
i∈[n]

fi(x) (2.23)

In the least squares problem (Equation 2.2.3), n represents the number of rows or data points in the
ERM problem with loss function ∈ Fµ,L (see Remark 2.2.1). In large-scale settings (where n is large), the
computational cost of evaluating the gradient ∇ f (x) for first-order iterative methods becomes a signif-
icant computational bottleneck. To address this limitation, researchers drew inspiration from the field
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of stochastic optimization, developing stochastic algorithms that approximate the true gradient of f to
reduce computational complexity. These methods, studied extensively in the 2010s, have played a crucial
role in the success of machine learning over the past decade and are now widely used and well-known,
with stochastic gradient descent being a prime example. Providing strong guarantees from an optimiza-
tion perspective has further implications for the statistical problem at hand, as statisticians can rely on
these optimization results. Interestingly, stochastic optimization, much like gradient descent, has become
a victim of its own success in terms of the quality and quantity of information available. In this thesis, we
draw particular inspiration from the work of Needell et al. [33] and Gower et al. [18] for our notation and
approach.

Remark 2.3.1
It is worth noting that our notation and modeling approach differ from those used by Bollapragada
et al. [4], whose work inspired our research. We find their notation for defining the stochastic prob-
lem in the context of finite-sum problems to be unclear or potentially problematic. Consequently,
we propose our own derivation of notation, which we believe offers a more rigorous mathematical
treatment—an aspect that is often lacking in the existing literature.

2.3.1 Finite-Sum Problem as Stochastic Optimisation Problem

The desire to reduce the computational cost of evaluating the gradient ∇ f can be formulated as evaluating
a stochastic approximation of this gradient, denoted ∇ f (x, ξ). To ensure consistency in the approximation,
a classical approach is to require the stochastic gradient ∇ f (x, ξ) to be an unbiased estimator of the true
gradient ∇ f (x). Recall the definition of a stochastic optimization problem:

min
x∈Rd

E f (x, ξ) , ξ ∼ D , supp(ξ) = Ω ⊆ Rd (2.24)

To cast finite sum problems into stochastic optimization problems, we can write:

f (x) = ∑
i∈[n]

fi(x) = ∑
i∈[n]

E[ξi]︸ ︷︷ ︸
=1

· fi(x) = E[ ∑
i∈[n]

fi(x) · ξi] =: E[ f (x, ξ)] (2.25)

where the random variables {ξi}i∈[n] fulfill the condition E[ξi] = 1. Notice that unbiasedness of the
gradient directly follows (under measurability assumptions):

E[∇ f (x, ξ)] =
∫

Ω
∇ f (x, ξ)dPD = ∇

∫
Ω

f (x, ξ)dPD = ∇E f (x, ξ) = ∇ ∑
i∈[n]

E[ξi]︸ ︷︷ ︸
=1

· fi(x) = ∇ f (x) (2.26)

In our work, we consider so-called sampling with replacement. We define the number of data points we wish
to use in the evaluation of the gradient as B, which simultaneously defines the computational complexity
of evaluating the approximated gradient. In machine learning literature, this is known as the batch size.
To construct such an approximation of the gradient, we define the random variable s for the indices of the
dataset:

P(s = i) = pi , i ∈ [n] , ∑
i

pi = 1 (2.27)
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We then sample B i.i.d. copies of s, i.e., {s1, . . . , sB}. Define:

ξi :=
1

B · pi
∑

k∈[B]
I{sk = i} I{·} = indicator function (2.28)

where we notice that E[ξi] = 1 ∀i ∈ [n]. Hence, the following stochastic gradient approximation is
unbiased:

∇ f (x, ξ) = ∑
i∈[n]

∇ fi(x) ·
(

1
B · pi

∑
k∈[B]

I{sk = i}
)
=

1
B ∑

i∈[B]

1
psi

∇ fsi (x) (2.29)

We can replace the gradient in the GD algorithm [def: 2.2.2] with the approximated gradient ∇ f (x, ξ)

from equation 2.3.1. This yields the algorithm we study in this manuscript, namely the mini-SGD algo-
rithm:

Definition 2.3.1 mini-SGD

The mini-SGD defines a stochastic sequence {xk}k∈N satisfying

xk+1 = xk − αk ·
1
B
· ∑

j∈[B]

1
psj

· ∇ fsj(xk) {sj}j∈[B] ∼iid s (2.30)

where s is a discrete random variable defined on the set of indices [n] = {1, 2, ..., n}, with probability
mass function:

P(s = j) = pj for j ∈ [n] (2.31)

where pj represents the probability of selecting index j. This setting corresponds to drawing indices
with replacement from the set [n]. Additionally, let {αk}k∈N denote a sequence of user-defined
parameters.

Similarly, we can replace the gradient in the HBM algorithm [def: 2.2.4] with the stochastic approximation
∇ f (x, ξ) from equation 2.3.1. This modification yields the second algorithm we study in this manuscript,
which is also described by Bollapragada et al. [4]. We refer to this algorithm as the mini-HBM algorithm:

Definition 2.3.2 mini-HBM

The mini-HBM defines a stochastic sequence {xk}k∈N satisfying

xk+1 = xk − α
1
B ∑

j∈[B]

1
psj

∇ fsj(xk) + β(xk − xk−1) (2.32)

where s is a discrete random variable as defined in mini-SGD definition (2.3.1). The set {α, β} is the
set of user defined parameters.
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2.4 Kaczmarz Methods

The mini-SGD [def: 2.3.1] and the mini-HBM [def: 2.3.2] have a direct connection to the so-called average
block Kaczmarz method presented in [31] when solving the consistent least squares problem 2.2.3. The link
is presented in the work by Needell et al. [33], where the authors establish the connection between SGD
with weighted sampling and the Kaczmarz method. The assumption we make (Assumption 3.1.1) in our
analysis casts into the randomized block average Kaczmarz. From the perspective of SGD with weighted
sampling, the distribution over the index space or the rows of the system matrix A should be proportional
to the squared norm of the selected rows. This yields our assumption:

P
(
s = j

)
= pj :=

∥aj∥2

∥A∥2
F

⇔ η = 1 (2.33)

Hence, in this section, we provide a concise overview of the Kaczmarz methods and their applications,
as well as a geometric interpretation of the Kaczmarz methods that are relevant to our application.

2.4.1 Historical Background and Applications of Kaczmarz Methods

Kaczmarz methods, named after Polish mathematician Stefan Kaczmarz, have a rich history dating back
to the early 20th century. In 1937, Kaczmarz introduced an iterative algorithm for solving linear systems
of equations [23]. This algorithm, now known as the Kaczmarz method or the algebraic reconstruction
technique (ART), has found extensive applications in various fields. The first version of the Kaczmarz
algorithm has the following form for solving a linear system Ax = b with A ∈ Rn×d:

xk+1 = xk + αi
bi − ⟨ai, xk⟩

|ai|2
aT

i with i = k mod n (2.34)

This version is commonly referred to as the cyclic Kaczmarz algorithm. In 2008, in their seminal work,
Strohmer and Vershynin proposed the randomized Kaczmarz algorithm (RK) [40]. The main difference with
respect to the standard Kaczmarz method lies in the selection process of the rows:

xk+1 = xk + αi
bi − ⟨ai, xk⟩

∥ai∥2 aT
i with P

(
i = i, i ∈ [n]

)
=

∥ai∥2

∥A∥2
F

(2.35)

The Kaczmarz iteration is a projection operator; hence, it has a nice geometric interpretation, i.e., it projects
the iterates onto the affine space of the row equation. See Figure 2.1 for a simplified visualization (sketch)
highlighting the difference between the cyclic and randomized Kaczmarz methods.
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x*

⟨a1, x*⟩ = b1⟨a2, x*⟩ = b2

⟨a3, x*⟩ = b3 x0
x1

x2

x3

x*

⟨a1, x*⟩ = b1⟨a2, x*⟩ = b2

⟨a3, x*⟩ = b3 x0

x1x2

x3

Figure 2.1: Geometric interpretation of the cyclic (left) and randomized (right) Kaczmarz method for
solving a consistent linear system Ax∗ = b with A ∈ Rn×d where n = 3

A huge body of literature has been built upon the cyclic and randomized Kaczmarz methods. The main
takeaway is that for solving highly overdetermined linear systems, Kaczmarz methods can outperform
reference methods such as the conjugate gradient iterative scheme. With the current evolution of large-
scale problems, Kaczmarz methods have regained importance and are extensively studied in modern data
science. We refer the reader to the following survey for an overview of the methods [14].

2.4.2 Average Block Kaczmarz Algorithm

Block Kaczmarz methods [1, 11, 12, 32, 46] are an extension of the classical Kaczmarz algorithm for solving
large-scale linear systems of equations. While the original Kaczmarz method updates the solution esti-
mate one row at a time, block Kaczmarz methods update the solution using multiple rows simultaneously.
The way for choosing the block can be deterministic, as for the cyclic randomized Kaczmarz, or in a ran-
domized fashion, called randomized block Kaczmarz. A common feature of block Kaczmarz algorithms
is that for each iteration, the projection onto the space formed by the selected rows corresponds to solving
a generalized least squares problem, i.e., computing the pseudo-inverse of the block matrix, which can be
costly and difficult to parallelize.

xk+1 = xk + A+
[Block](b[Block] − A[Block]xk) (2.36)

In cases where the selection of the rows follows a so-called row paving [32], the computation of the pseudo-
inverse can be made efficient. In order to reduce the computational complexity and allow for paralleliza-
tion while using more information than a single row of the system, the average block Kaczmarz [5, 33]
algorithm can be used. For a geometric interpretation of the difference between the two methods see
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figure 2.2:

⟨ai, x*⟩ = bi

⟨aj, x*⟩ = bj x*

xBLOCK

xAVG

xk

Figure 2.2: Sketch of the difference between average and block Kaczmarz. The linear system is consistent
Ax∗ = b. The new iterates are defined as xAVG and xBLOCK for the average and block Kaczmarz methods
respectively.

Next, we provide the definition of average block Kaczmarz and its link to stochastic gradient descent
with importance sampling, explicitly for sampling with replacement, as described in [31]:

Importance Sampling [33]: xk+1 = xk −
1
B ∑

i∈[B]

wsi

Lsi

∇ fsi (xk) , Li = ∥ai∥ , ∇ fi(x) = (⟨ai, x⟩ − bi)ai

(2.37)

Avg. Block Randomized Kaczmarz [33, 31]: xk+1 = xk −
1
B ∑

i∈[B]
wsi ·

⟨asi , xk⟩
∥as∥

asi (2.38)

which cast into the mini-SGD framework with

1
pj

=
wi

∥ai∥2 =
∥A∥2

F
∥ai∥2 ∀i ∈ [n] (2.39)

Moreover, adding momentum to the average randomized Kaczmarz method makes it fall within the mini-
HBM framework.
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CHAPTER

3

NEW PROOF TECHNIQUES FOR
OPTIMISATION VIA RM

CONCENTRATION

3.1 Mini-Batch SGD Converges as GD on Quadratics

In this section we present the first contribution of the thesis where by taking a different approach than
standard proof techniques in optimisation literature [15] we combine results for concentration of product
of random matrices [22] and proof techniques used in [4] to provide a critical batch size needed for
mini-SGD with fixed step size to converge with the same linear rate as GD with fixed step size. The
optimisation problem corresponds to the consistent least squares problem 2.2.3 where the system matrix
A is tall (n > d).
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3.1.1 Convergence of GD

Here we propose a proof of convergence for the error norm of the iterates of gradient descent on consistent
least square problem 2.2.3, i.e

∥xk+1 − x∗∥ = ∥xk − α∇ f (xk)− x∗∥ (3.1)

= ∥(Id×d − αAT A)(xk − x∗)∥ (3.2)

= ∥(Id×d − αAT A)k(x0 − x∗)∥ (3.3)

≤ ∥(Id×d − αAT A)k∥ · ∥x0 − x∗∥ (3.4)

≤ (ρ(Id×d − αAT A) + ϵk)
k · ∥x0 − x∗∥ (3.5)

where the last step follow from Gelfand’s formula [appendix: A.0.5] with {ϵk}k∈N →k→∞ 0. The spectral
radius corresponds to

ρ(Id×d − αAT A) = max
i∈[d]

|λi(Id×d − αAT A)| (3.6)

= max
{
|1 − αλmax(AT A)|, |1 − αλmin(AT A)|

}
(3.7)

optimising for α yields

|1 − α∗λmax(AT A)| = |1 − α∗λmin(AT A)| =⇒ α∗ =
2

λmin(AT A) + λmax(AT A)
(3.8)

Proof. eq: 3.8
First Case: 1 − α∗λmax(AT A) = 1 − α∗λmin(AT A) where if λmin(AT A) ̸= λmax(AT A) =⇒ α∗. Second
Case:: 1 − α ∗ λmax(AT A) = α ∗ λmin(AT A) + 1 =⇒ α∗ = 2/(λmin(AT A) + λmax(AT A))

□

Plugging α∗ into for the spectral radius yields

ρ(Id×d − α∗AT A) =
κ(AT A)− 1
κ(AT A) + 1

(3.9)

Hence we recover the convergence rate proposed in standard proofs for GD [15] for µ strongly con-
vex and L smooth function when plugging results for strong convexity and smoothness on least square
objective from lemma 2.2.1

3.1.2 Convergence of mini-SGD

Applying the mini-SGD [def: 2.3.1] recursive scheme with constant step size to the consistent least squares
[problem 2.2.3] yields the following iteration:

xk+1 = xk − α
1
B ∑

j∈[B]

1
psj

asj a
T
sj
(xk − x∗) (3.10)
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where aj corresponds to the j− th row of the system matrix A draw with replacement and with probability
pj. We define the following random matrix

Mk =
1
B ∑

j∈[B]

1
psj

asj a
T
sj

(3.11)

Next using the same proof strategy as for GD we have

∥xk+1 − x∗∥ = ∥(Id×d − αMk)(Id×d − αMk−1) · · · (Id×d − αM1)(x0 − x∗)∥ (3.12)

≤ ∥(Id×d − αMk)(Id×d − αMk−1) · · · (Id×d − αM1)∥ · ∥x0 − x∗∥ (3.13)

taking expectation on both sides we wish to bound the following quantity

E∥(Id×d − αMk)(Id×d − αMk−1) · · · (Id×d − αM1)∥ (3.14)

the expectation of the spectral norm of a product of random matrices.

3.1.3 Preparation for Main Proof

Lemma 3.1.1

Define α∗ as in eq: 3.8 then

∥Id×d − α∗EMk∥ ≤ κ(AT A)− 1
κ(AT A) + 1

∀k (3.15)

Proof. 3.1.1 Notice that

EMk = E
1
B ∑

j∈[B]

1
psj

asj a
T
sj
= AT A

hence

∥Id×d − α∗EMk∥ = ∥Id×d − α∗AT A∥

taking the SVD decomposition of system matrix A = UΣVT we have

∥Id×d − α∗AT A∥ = ∥Id×d − α∗VΣ2VT∥

= ∥V(Id×d − α∗Σ2)VT∥

= ∥Id×d − α∗Σ2∥ = 1 − α∗σ2
min(A)

Note that σ2
min(A) = λmin(AT A) and last equation holds true by substituting α∗ = 2/(λmin(AT A) +
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λmax(AT A)). Simplifying further yields

1 − 2λmin(AT A)

λmin(AT A) + λmax(AT A)
=

λmax(AT A)− λmin(AT A)

λmin(AT A) + λmax(AT A)

=
κ(AT A)− 1
κ(AT A) + 1

□

Assumption 3.1.1 1

We assume that for some η ≥ 1, the sampling probabilities pj from mini-SGD satisfy

ηpj ≥
∥aj∥2

∥A∥2
F

∀j ∈ [n] (3.16)

Lemma 3.1.2

Define
W j :=

1
B
(− 1

psj

asj a
T
sj
+ AT A) (3.17)

and let
W = ∑

j∈[B]
W j (3.18)

where {sj}j∈[B] ∼iid s , and P
(
s = j

)
satisfy assumption 3.1.1. Then

√
E∥W∥ ≤ δ (3.19)

provided
B ≥ 8eη log(2d)max

{
∥A∥2

F∥A∥2δ−2, (4∥A∥4
Fδ−2)1/2} (3.20)

Proof. Lemma 3.1.2 For the proof we refer to [22] lemma 2. □

Lemma 3.1.3

Define Yk = (Id×d − αMk) then √
E∥Yk − EYk∥2 ≤ δ (3.21)

provided that the batch size B satisfies

B ≥ 8eη log(2d)max
{
∥A∥2

F∥A∥2α2δ−2, (4∥A∥4
Fα2δ−2)1/2

}
(3.22)
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Proof. 3.1.3 Notice the following

E∥Yk − EYk∥2 = α2E∥Mk − EMk∥2

= α2E∥ ∑
j∈[B]

1
B
(
− 1

psj

asj a
T
sj
+ AT A

)
∥

hence the result follow by a direct application of Lemma 3.1.2 which used matrix Berstein’s inequality to
bound the sum

∑
j∈[B]

1
B
(
− 1

psj

asj a
T
sj
+ AT A

)

□

3.1.4 Main Theorem

Theorem 3.1.1

Consider mini-SGD applied to consistent least squares problem 2.2.3 whose sampling probabilities
satisfy assumption 3.1.1. Fix parameter α = α∗ as in eq: 3.8. Define constant L := κ−1

κ+1 where κ is
the 2-norm condition number of AT A and κ the smoothed conditioned number of AT A.
For any k∗ > 1 choose

B ≥ 32eηκd log(2d)max
{

2κ

(κ − 1)2
k∗

log k∗
,

√
2

(κ − 1)
·
√

k∗

log(k∗)

}
(3.23)

then for Ax∗ = b, the mini-SGD iterate satisfy

E∥xk − x∗∥ ≤ Lk max{d, (k∗)k/k∗}∥x0 − x∗∥ (3.24)

Proof. Theorem 3.1.1
Recall the following for mini-SGD iteration

E∥xk+1 − x∗∥ ≤ E∥(Id×d − αMk)(Id×d − αMk−1) · · · (Id×d − αM1)∥∥x0 − x∗∥

=: E∥Zk∥∥x0 − x∗∥

for

Mk =
1
B ∑

j∈[B]

1
psj

asj a
T
sj

where 3.1.1 holds for pj. Then using lemmas 3.1.1 and 3.1.2 we can apply theorem 2.1.2

mi := L σi := δ/L =⇒ M = Lk ν = ∑
i∈[k]

σ2
i = kδ2/L2
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Choosing δ2 := L2 log(k∗)
2k∗ yields the bound on B in 3.1.2 i.e

B ≥ 8eη log(2d)max
{

C1,
(

C2

)1/2}
where

C1 =
2∥A∥2∥A∥2

Fk∗(α∗)2

L2 log(k∗)
and C2 =

8∥A∥4
F(α

∗)2k∗

log(k∗)L2

Plugging L and α∗ yields for C1

C1 = 2∥A∥2∥A∥2
F
(α∗)2

L2
k∗

log k∗

= 8κdλmax(AT A)λmin(AT A)
1

(λmax(AT A)− λmin(AT A))2
k∗

log k∗

=
8dκκ

(κ − 1)2
k∗

log k∗

Plugging L and α∗ yields for C2

C2 = 8∥A∥2
F

4
(λmax − λmin)2

k∗

log k∗

=
32d2κ2λ2

min
(λmax − λmin)2

k∗

log k∗

⇔ (C2)
1/2 =

4
√

2dκ

(κ − 1)
·
√

k∗

log(k∗)

Plugging C1 and C2 in the bound for B yield

B ≥ 8eη log(2d)max
{

8dκκ

(κ − 1)2
k∗

log k∗
,

4
√

2dκ

(κ − 1)
·
√

k∗

log(k∗)

}

= 32eηκd log(2d)max
{

2κ

(κ − 1)2
k∗

log k∗
,

√
2

(κ − 1)
·
√

k∗

log(k∗)

}

Furthermore define:

ν =
k log(k∗)

2k∗

Then

E∥Zk∥ ≤ Lk exp

(√
k log(k∗)

k∗
max{ k log(k∗)

k∗
, log(d)}

)

notice the following for any x ∈ R+√
x max{x, log d} ≤ max{x, log d}
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hence

E∥Zk∥ ≤ Lk exp

(√
k log(k∗)

k∗
max{ k log(k∗)

k∗
, log(d)}

)

≤ Lk exp

(
max{ k log(k∗)

k∗
, log(d)}

)

≤ Lk max{exp(
k log(k∗)

k∗
), d} = Lk max{(k∗)k/k∗ , d}

□

Corollary 3.1.1 Under Assumptions of Theorem 3.1.1
Fix c ∈ (0, 2). There exists a parameter α such that for sufficiently large κ, the mini-SGD iterates
applied to the consistent least squares problem 2.2.3 converge in expected norm at a linear rate

E∥xk − x∗∥ ≤ O
((

1 − c
κ

)k
)

given B ≥ O
(

ηd log(d)κ
)

(3.25)

Proof of Corollary 3.1.1.
Taking the result from theorem 3.1.1 we assume

E∥xk − x∗∥ ≤ Ratek∥x0 − x∗∥

where Rate = Lk∗/ log k∗ then

Rate = L(k∗)1/k∗ =: L1−δ =⇒ −δ log(L) = log(k∗)/k∗

⇔ δ =
log(k∗)

k∗ log(1/L)

Suppose that for κ sufficiently large, we have

L =
κ − 1
κ + 1

≈ 1 − 2
κ
= exp(−κ/2) +O(−κ−2)

=⇒ log(L) = log(exp(−κ/2) +O(−κ−2))

≈ log(1 − 2/κ −O(κ2))

Using Taylor polynomial around zero for

log(1 − x) = −x − x2/2 +O(x3)

replace x = 2/κ +O(κ−2) yield

log(1 + 2/κ +O(κ2)) ≈ −2/κ −O(κ−2)
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Hence

log(1/L) = − log(L) = 2/κ +O(κ−2)

Define k∗
log k∗ =: κ

c for some constant c > 0 then

1 − δ = 1 − c
κ

1
log(1/L)

= 1 − c
2 +O(κ−1)

Take Taylor polynomial of

1
x + 2

≈ 1
2
(1 − x

2
+

x2

4
)

replace x := 2 +O(κ−1) yield

c
2 +O(κ−1)

≈ c
2
−O(κ−1)

=⇒ 1 − δ = 1 − c
2
+O(κ−1)

Hence

L1−δ = (1 − 2/κ +O(κ−2))
(

1−c/2+O(κ−1)
)

≈ exp
((

− 2/κ +O(κ−2)
)(
(1 − c/2) +O(κ−1)

))
= exp

(
− 2/c̃ +O(κ−2)

)
≈ 1 − c̃/κ +O(κ−2)

where c̃ := 1 − c/2.
Plugging k∗

log k∗ =: κ
c in the bound for the batch size in theorem 3.1.1 yield

Term1:
κ

(κ − 1)
κ

c
≈(κ>>1)∈ O(1)

Term2:

√
2

κ − 1

√
κ

c
≈(κ>>1)∈ O(1/

√
κ)

where

B ≥ O
(

ηd log(d)κ
)

max
{

Term 1, Term 2
}

=⇒ B ≥ O
(

ηd log(d)κ
)

□
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Corollary 3.1.2 Under Assumptions of Theorem 3.1.1 and Corollary 3.1.1
The ϵ−expected error of mini-SGD on consistent least squares problem 2.2.3 is

k − iterations ≥ O
(

κ log(1/ϵ)

)
given B ≥ O

(
ηd log(d)κ

)
(3.26)

Proof of Corollary 3.1.2.
From lemma A.0.1 we have for ϵ ∈]0, 1[

k ≥ 1
1 − L

O(log(1/ϵ)) =⇒ E∥xk − x∗∥ ≤ ϵ

where from corollary 3.1.1

1
1 − L

= κ/c ∈ O(κ) given B ≥ O
(

ηd log(d)κ
)

□

3.2 High Probability Bound for mini-SGD on Quadratics

In this section, we provide stronger results than the bounds in expectation from last section, namely
bounds with high probability for the mini-SGD algorithm applied to consistent least square problem 2.2.3.
The assumption 3.1.1 still yield. These high probability bounds offer several advantages that make them
"stronger" in a meaningful sense. First, they ensure greater reliability, as they guarantee that the algo-
rithm’s performance stays within specified limits with high confidence, rather than just on average. This
is particularly relevant for practical applications, where we often need assurances that hold for specific
runs of the algorithm, not just on average over many executions. Moreover, high probability bounds
naturally correspond to confidence intervals, providing a clear statistical interpretation of the algorithm’s
behavior. This correspondence allows for a more intuitive understanding of the guarantees provided. Im-
portantly, these bounds also capture crucial information about the tail behavior of the random variables
involved. This insight into extreme cases is essential for a comprehensive understanding of the algorithm’s
performance, especially when considering worst-case scenarios.

Following the derivation in section Convergence of mini-SGD (3.1.2), we aim to control the following
expression:

∥(Id×d − αMk)(Id×d − αMk−1) · · · (Id×d − αM1)∥ =: ∥Zk∥ (3.27)

By "control," we mean establishing an exponentially decaying tail bound, which we achieve using Theorem
2.1.3. It’s important to note that for the tail bound in Theorem 2.1.2, the conditions differ from those in
the expectation case. Specifically, we require:

∥Mi − EMi∥ ≤ σi · mi almost surely ∀i ∈ [k] (3.28)

To ensure this condition holds with high probability, we provide a high-probability bound version of
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Lemma 3.1.2.

Lemma 3.2.1

Define
W j =

1
B
(− 1

psj

asj asj T + AT A) (3.29)

and let
W = ∑

j∈[B]
W j (3.30)

where {sj}j∈[B] ∼iid s , and P
(
s = j

)
satisfy assumption 3.1.1.

Then with probability at least 1 − δ it holds for some t > 0

∥W∥ ≤ t (3.31)

provided

B ≥ 2η · ∥A∥2
F ·
(
∥A∥2 · t−2 +

2t−1

3

)
·
(

log(1/δ) + log(2d)
)

(3.32)

Proof of Lemma 3.2.1.
According to theorem 2.1.1 we have

P

{
∥W∥ ≥ t

}
≤ 2d exp

(
−t2/2

ν(Z) + Wt
3

)
where

ν(Z) = max
{

∑
j

EW jW
T
j , ∑

j
EW T

j W j

}
∥W j∥ ≤ W ∀j ∈ [B]

We can upper bound the variance ν(Z) as follow:

W jW
T
j = W T

j W j =
1

B2

(∥asj∥2

ps2
j

asj a
T
sj
− 1

psj

asj a
T
sj

AT A − 1
psj

AT Aasj a
T
sj
+ AT A

)

then by E(p−1
sj

asj a
T
sj
) = AT A and assumption 3.1.1 ∥asj∥2 ≤ ηpsj∥A∥2

F we have

EW jW
T
j =

1
B2

(
∑

i∈[n]
p−1

i ∥ai∥2aiaT
i − (AT A)

)
⪯ 1

B2

(
η∥A∥2

F AT A − (AT A)2
)

⇔ ∥EW jW
T
j ∥ ≤ 1

B2 ∥(η∥A∥2
FId×d − AT A)AT A∥ ≤

η∥A∥2
F∥A∥2

B2

Page 38 of 75



CHAPTER 3. NEW PROOF TECHNIQUES FOR OPTIMISATION VIA RM CONCENTRATION

hence by triangle inequality we have

ν(W) ≤ ∥∑
j

EW jW
T
j ∥ ≤ ∑

j
∥EW jW

T
j ∥ ≤

η∥A∥2
F∥A∥2

B

We can upper bound the quantity ∥W j∥ as follow

∥W j∥ ≤ 1
B

(
1

psj

∥asj a
T
sj
∥+ ∥A∥2

)
≤Assumption 3.1.1

η∥A∥2
F + ∥A∥2

B
≤

2η∥A∥2
F

B
=: W

Plug-in the upper bound on ν(W) and the value W we have

P

{
∥W∥ ≥ t

}
≤ 2d exp

(
−3t2B

6η∥A∥2
F∥A∥2 + 4η∥A∥2

Ft

)
we find a condition such that for δ ∈]0, 1[ we have

2d exp
(

−3t2B
6η∥A∥2

F∥A∥2 + 4η∥A∥2
Ft

)
≤ δ ⇔

3t2B
6η∥A∥2

F∥A∥2 + 4η∥A∥2
Ft

≥ − log(δ) + log(2d) ⇔

B ≥ (2η∥A∥2
F∥A∥2t−2 +

2
3

η∥A∥2
Ft−1)(− log(δ) + log(2d))

□

Theorem 3.2.1

Consider mini-SGD applied to consistent least squares problem 2.2.3 whose sampling probabilities
satisfy assumption 3.1.1. Fix parameter α = α∗ as in eq: 3.8. Define constant L := κ−1

κ+1 where κ is
the 2-norm condition number of AT A and κ the smoothed conditioned number of AT A.
Assume solution Ax∗ = b and initial radius D0 = ∥x0 − x∗∥.
For any k∗ > 1 choose

B ≥ 8η · κ · d ·
(

2
κ

(κ − 1)2
k∗

log(k∗)
+

4
3

√
2k∗

log(k∗)
1

κ − 1

)
·
(

log(1/δ̃) + log(2d)
)

(3.33)

with δ̃ corresponding to a (1− kδ̃) probability of failure of the statement, then the error norm of the
iterative algorithm can be controlled with probability at least 1 − δ

P

{
∥xk − x∗∥ ≤ Lk exp

(√
k log(k∗)

k∗
log(d/δ)

)
D0

}
≥ 1 − δ (3.34)

if
log(1/δ) ≥ k

k∗

log(k∗)
− log(d) (3.35)

Proof of Theorem 3.2.1.
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Define the error process of mini-SGD

∥ek∥ := ∥xk − x∗∥ ≤ ∥Zk∥ ∥x0 − x∗∥︸ ︷︷ ︸
=:D0

where

Zk := (Id×d − αMk)(Id×d − αMk−1) · · · (Id×d − αM1)

Mi =
1
B ∑

j∈[B]

1
psj

asj a
T
sj

∀i ∈ [k]

Note the event inclusion E1 := {∥ek∥ ≥ CD0} =⇒ E2 := {∥Zk∥ ≥ C} =⇒ E1 ⊆ E2 yield

P

{
E1

}
≤ P

{
E2

}
Using theorem 2.1.3 we can control the norm of the product of random matrices as

P

{
∥Zk∥ ≥ t1M

}
≤ d exp

(
− log(t1)

2

2ν

)
when log(t1) ≥ 2ν

if the following conditions holds:

• Condition A:

∥Id×d − αEMi∥ ≤ mi ∀i ∈ [k] M := ∏
i∈[k]

mi

• Condition B:

∥ − Mi + E Mi∥ ≤ σimi ∀i ∈ [k] ν := ∑
i∈[k]

σ2
i

Condition A is fulfilled be lemma 3.1.1 given the step size α = α∗ = 2
λmin(AT A)+λmax(AT A)

with

mi =
κ(AT A)− 1
κ(AT A) + 1

=: L =⇒ M =

(
κ(AT A)− 1
κ(AT A) + 1

)k

= Lk

Condition B holds with probability 1 − kδ̃ uniformly over all i = {1, . . . , k}. Indeed by lemma 3.2.1
we have

P

{
∥ − Mi + EMi∥ ≤ t2/α∗

}
≥ 1 − δ̃

given

B ≥ 2η · ∥A∥2
F ·
(
∥A∥2 · t−2

2 (α∗)2 + α∗
2t−1

2
3

)
·
(

log(1/δ) + log(2d)
)

Define the event Ei := {∥ − Mi + E∥Mi∥ ≤ t2} we need the condition to hold uniformly over all
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i ∈ [k] hence by the following argument

P

{
∩i∈[k] Ei

}
= 1 − P

{
∪i∈[k] Ec

i

}
≥ 1 − kδ̃

We define the following:

σi = t2/L =⇒ ν = kt2
2/L2

choose

t2
2 := L2 log(k∗)/2k∗ =⇒ ν =

k log(k∗)
2k∗

which yield

P

{
∥Zk∥ ≥ t1M

}
≤ d exp

(
− log(t1)

2k∗

k log(k∗)

)
when log(t1) ≥

k log(k∗)
k∗

if with probability at least 1 − kδ̃

B ≥ 2η · ∥A∥2
F ·
(
∥A∥2 · t−2

2 (α∗)2 + α∗
2t−1

2
3

)
·
(

log(1/δ̃) + log(2d)
)

= 2ηκdλmin(AT A)

(
λmax(AT A)

(α∗)2

L2
2k∗

log(k∗)
+ 2/3

√
2k∗

log(k∗)
α∗

L

)
·
(

log(1/δ̃) + log(2d)
)

Notice that

α∗

L
=

2
λmax(AT A)− λmin(AT A)

which yield for the minimum batch size

B ≥ 8η · κ · d ·
(

2
κ

(κ − 1)2
k∗

log(k∗)
+

4
3

√
2k∗

log(k∗)
1

κ − 1

)
·
(

log(1/δ̃) + log(2d)
)

We wish to control with probability at least δ i.e

P

{
∥Zk∥ ≥ t1M

}
≤ d exp

(
− log(t1)

2k∗

k log(k∗)

)
= δ

⇔ t1 = exp
(√

k log(k∗)
k∗

· log(d/δ)

)
=⇒

P

{
∥Zk∥ ≥ M exp

(√
k log(k∗)

k∗
log(d/δ)

)}
≤ δ

Recall that we need the condition log(t1) ≥ 2ν to hold, i.e

log(1/δ) ≥ k
k∗

log(k∗)
− log(d)
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□

3.2.1 Interpretation of Theorem and Limitations

To enhance the interpretability of Theorem 3.2.1, we present a refined corollary that specifies the conver-
gence rate and establishes a lower bound on the required batch size.

Corollary 3.2.1 Under Assumptions of Theorem 3.2.1
Fix

c ∈
(

0,
2

log(d/δ)

)
(3.36)

Then for all κ sufficiently large, the error norm of mini-SGD on consistent least squares 2.2.3 con-
verges with probability at least 1 − δ at a linear rate, i.e.,

P

{
∥xk − x∗∥ ≤

(
1 − c

κ

)k

D0

}
≥ 1 − δ for k ≤ κ log(d/δ)

c
(3.37)

Provided that with probability at least 1 − kδ̃,

B ≥ O
(

ηκd log(d/δ̃)

)
(3.38)

Proof of Corollary 3.2.1.
Define

k∗

log k∗
:= κ/c with c > 0

Recall from proof of corollary 3.1.1

L ≈κ>>1 1 − 2/κ +O
(

κ−2
)

Note from 3.2.1 eq: 3.34

∥xk − x∗∥ ≤ Lk exp
(√

k
c
κ

log(d/δ)

)
D0

≤
(

L exp
(

c
κ

log(d/δ)

))k

D0

=:
(

L1−p
)k

D0

hence we have for 1 − p

1 − p = 1 − c log(d/δ)

κ

1
log(1/L)
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where from the proof in corollary 3.1.1 we know

1 − p = 1 − c log(d/δ)

κ

1
log(1/L)

≈ 1 − c log(d/δ)

2
+O

(
κ−1

)
then

L1−p ≈
(

1 − 2/κ +O
(
κ−2))(1− c log(d/δ)

2 +O

(
κ−1

))

≈ exp
(
− (2 − c log(d/δ))

κ
+O

(
κ−2))

≈ 1 − (2 − c log(d/δ))

κ

Hence for convergence we have the following condition on c

|1 − (2 − c log(d/δ))

κ
| < 1 κ≫1

==⇒ c ∈
(

0,
2

log(d/δ)

)
implying the existence of such a c.
Recall the condition for theorem 3.2.1 to hold and plug in k∗/ log(k∗) = κ/c

log(t1) ≥ 2ν = k
log(k∗)

k∗
⇔

log(d/δ)
k∗

log(k∗)
≥ k ⇔

log(d/δ)
κ

c
≥ k

For the batch size assuming with probability 1 − kδ̃ we have

B ≥ 8η · κ · d ·
(

2
κ

(κ − 1)2
k∗

log(k∗)
+

4
3

√
2k∗

log(k∗)
1

κ − 1

)
·
(

log(1/δ̃) + log(2d)
)

= 8η · κ · d ·
(

2
κ

(κ − 1)2
κ

c
+

4
3

√
2κ

c
1

κ − 1

)
·
(

log(1/δ̃) + log(2d)
)

≈κ>>1∈ O
(

ηκd log(d/δ̃)(1 +
1√
κ
)

)
= O

(
ηκd log(d/δ̃

)

□

Our analysis reveals a non-asymptotic limitation on the number of iterations for which the results hold:

k ≤ log(d/δ)
κ

c
(3.39)

This constraint warrants careful interpretation. As the probability of failure δ approaches zero, the upper
bound on k tends to infinity. Furthermore, we observe an interesting trade-off between the iteration bound
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on k and the linear convergence rate, which is governed by c:

c ∈
(

0,
2

log(d/δ)

)
with corresponding linear rate 1 − c

κ
(3.40)

This relationship presents a dilemma: minimizing c improves the convergence rate, while maximizing c
extends the validity of the theorem to a larger number of iterations k. However, the practical relevance
of these results lies in their application to confidence intervals, which typically involve a fixed δ. Our
findings indicate that confidence intervals can only be provided for a specific range of iterations, which
depends on both the problem dimension d and the condition number κ. This limitation stems from the tail
bound result for the product of random matrices (Theorem 2.1.3). Consequently, while our results offer
valuable insights, they also highlight the intricate balance between convergence rate, iteration count, and
problem parameters in the non-asymptotic regime.
A second limitation, harder to characterize than the previous one, is the bound on the batch size:

B ≥ O
(

ηκd log(d/δ̃)

)
(3.41)

The issue here is that for Theorem 3.2.1 to hold, we need a uniform bound over all i ∈ [k] on:

|Y i − EY i| ≤ σimi w.p. at least 1 − δ̃ (Lemma 3.2.1) (3.42)

where Y i corresponds to
Y i = I − α∗Mi (3.43)

Hence, we have an inverse proportionality between δ̃ and the iteration number k, meaning that there exists
a non-asymptotic bound on the number of iterations k for the batch size to be meaningful, i.e., less than
the number of rows n. This bound is of the form:

k ≲ exp
(

n
ηκd

)
d−1 ⇔ B ≲ n (3.44)

Therefore, in the large-scale system regime (i.e., n ≫ d), this limitation should not be constraining.

3.3 Mini-Batch SGD converges as GD for on "Almost" Quadratics

In this section, we aim to study what could be seen as an extension to 3.1.1 on functions that behave
closely to quadratics in the sense that they are upper and lower bounded by quadratics, or technically
speaking, are µ-strongly convex and L-smooth as in definitions A.0.2 and A.0.3. We assume the objective
to be a finite sum problem with interpolation as in problem 2.2.4. Inspired by the setting in [19] used to
prove heavy tail phenomenon of SGD, we assume the initial iterate x0 of the iterative method to be in the
domain of attraction of a minimum x∗ and assume that the function is well approximated by a quadratic
in this basin. This motivation is somewhat informal but can be translated as approximating the gradient
∇ fi(x) by its Taylor approximation around the minimum,

∇ fi(x) ≈ ∇ fi(x∗) +∇2 fi(x∗)(x − x∗) (3.45)
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Replacing the gradient approximation in the mini-SGD algorithm yields an affine stochastic approxi-
mation of the problem:

xk+1 ≈ xk − α
1
B ∑

j∈[B]

1
psj

(∇ fsj(x∗) +∇2 fsj(x∗)(xk − x∗)) (3.46)

which we analyze in the interpolation regime (definition 2.2.1), i.e., ∇ fi(x∗) = 0 ∀i ∈ [n], yielding the
linear stochastic error process:

xk+1 − x∗ ≈
(
Id×d − α

1
B ∑

j∈[B]

1
psj

∇2 fsj(x∗)
)
(xk − x∗) (3.47)

=:
(
Id×d − αMk

)
(xk − x∗) (3.48)

An interesting question arises: how does the control of this stochastic error process, using the same
concentration techniques as in section 3.1, compare to standard techniques? We address this question in
this section.

3.3.1 GD Convergence

We propose a proof of convergence for the GD algorithm with fixed step size α applied to the finite
sum problem 2.2.4. The convergence rate will be the one we wish to achieve using "less" data i.e using
mini-SGD.

Lemma 3.3.1

Assume f (x) as in problem 2.2.4, µ := ∑i∈[n] µi and L := ∑i∈[n] Li. Given the step size α∗ := 2
L+µ

GD iterates converges linearly as

∥xk+1 − x∗∥ ≤
(

κ − 1
κ + 1

)k

∥x0 − x∗∥ (3.49)

where κ := L
µ

Proof of lemma 3.3.1.
First notice that f (x) ∈ Fµ,L with parameters µ = ∑i∈[n] µi and L = ∑i∈[n] Li. Indeed using smoothness
definition A.0.3 we have

∥∇ f (y)−∇ f (x)∥ ≤ ∑
i∈[n]

∥∇ fi(y)−∇ fi(x)∥

≤ ∑
i∈[n]

Li∥y − x∥ ∀x, y ∈ dom( f )

Using strong convexity equivalence lemma A.0.2 we have

∇2g(x) := ∇2 f (x)− µId×d ⪰ 0 ⇔ f is µ − strongly convex
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Note that by definition of strong convexity

∇2 f (x) = ∑
i∈[n]

∇2 fi(x) ⪰ ∑
i∈[n]

µiId×d

=⇒

g(x) ⪰ 0 if µ = ∑
i∈[n]

µi

Next we define the following operator

T : Rd → Rd T(x) := x − α∇ f (x)

In interpolation regime

T(x∗) = x∗ =⇒ ∥xk+1 − x∗∥ = ∥T(xk)− T(x∗)∥

≤ B∥xk − x∗∥

where B is the Lipschitz constant of the operator T i.e

∥∇2T(x)∥ ≤ B ⇔

∥Id×d − α∇2 f (x)∥ ≤ B ⇔

max
i∈[d]

|λ(Id×d − α∇2 f (x))| ≤ B ⇔ (lemma A.0.4)

max
{
|1 − αµ|, |1 − αL|

}
≤ B

optimising with respect to α yield

α∗ =
2

µ + L

hence by plugging α∗ and choosing B := L−µ
L+µ we arrive at the desired linear rate. □

3.3.2 Preparation for Main Proof

Define the following quantities

Y i := Id×d − α∗Mi (3.50)

Mi :=
1
B ∑

j∈[B]

1
psj

∇2 fsj(x∗) (3.51)

Recall from proof of lemma 3.3.1 we showed that f ∈ Fµ,L with L = ∑i∈[n] Li and µ = ∑i∈[n] µi
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Lemma 3.3.2

Given α∗ = 2
L+µ we have

∥EY i∥ ≤ L − µ

L + µ
∀i ∈ [n] (3.52)

Proof of lemma 3.3.2.
To simplify the notation define Hi := ∇2 fi(x∗). Then

∥EY i∥ = ∥Id×d − α∗
1
B

E ∑
j∈Si

1
psj

Hsj∥

= ∥Id×d − α∗ ∑
i∈[n]

Hi︸ ︷︷ ︸
=:H

∥

≤ max
i∈[n]

|1 − α∗λi(H)|

where H = ∇2 f (x∗). Plugging α∗ and using lemma A.0.4 we have

max
i∈[n]

|1 − α∗λi(H)| = max
{
|1 − 2λmin(H)

µ + L
|, |1 − 2λmax(H)

µ + L
|
}

≤ L − µ

L + µ

□

Assumption 3.3.1

Assume for some η > 1 that the following condition holds for the probabilities pi in mini-SGD
(2.3.1)

∥Hi∥
pi

≤ η∥H∥ ∀i ∈ [n] (3.53)

where
H := ∇2 f (x∗) Hi = ∇2 fi(x∗) (3.54)

Lemma 3.3.3

Under assumption 3.3.1 we have (
E∥Y i − EY i∥

)1/2 ≤ δ (3.55)

provided that the batch size B is large enough

B ≥ 8e log(2d)max
{

L(ηL − µ)δ−2α2,
(
4L2δ−2α2η2) 1

2

}
(3.56)

Proof of lemma 3.3.3 .
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Define ∇2 f (x∗) =: H and ∇2 fi(x∗) =: Hi then

E∥Id×d − αMi − EId×d − αMi∥2 = α2E∥ − Mi + H∥2

= α2E∥ ∑
j∈[B]

1
B

(
− 1

psj

Hsj + H
)

︸ ︷︷ ︸
=:W j

∥2

= α2E∥ ∑
j∈[B]

W j∥2 =: α2E∥W∥2

Thus, the problem is reduced to controlling a sum of random matrices. To achieve this, we employ
Bernstein-type results from Theorem 2.1.1. The following conditions are necessary:

1. ∥W i∥ ≤ W and E∥W i∥ = 0 ∀i ∈ [d]

2. ν(Z) ≤ C̃

then we have √
E∥W∥2 ≤

√
2eC̃ log(2d) + 4eW log(2d)

For 1. we have for all realisations W j = Wj:

∥Wj∥ = ∥B−1
(
− p−1

j Hj + H
)
∥

≤ 1
B
(p−1

j ∥Hj∥+ ∥H∥)

≤ 1
B
(η + 1)∥H∥ ≤ 2Lη

B
∀j ∈ [n]

and E∥W j∥ = 0 trivially for the fact the randomness in mini-SGD leads to an unbiased estimator of the
gradient.

For 2. we have

W jW
T
j = W T

j W j =
1

B2

(
p−2

sj
H2

sj
− p−1

sj
Hsj H − p−1

sj
HHsj + H2

)
taking expectation leads to

EW jW
T
j =

1
B2

(
∑

i∈[n]
p−1

i H2
i − H2

)

Notice

H2
i ⪯ ∥Hi∥Hi ∀i ∈ [n] H2 ⪰ λmin(H)H ⪰ µH

Page 48 of 75



CHAPTER 3. NEW PROOF TECHNIQUES FOR OPTIMISATION VIA RM CONCENTRATION

then

1
B2

(
∑

i∈[n]
p−1

i H2
i − H2

)
⪯ 1

B2

(
∑

i∈[n]
p−1

i ∥Hi∥Hi − µH
)

⪯ 1
B2

(
η∥H∥ ∑

i∈[n]
Hi − µH

)
Assumption: 3.3.1

⪯ 1
B2

(
ηL − µ

)
H

Hence

ν(W) = ∥ ∑
j∈[B]

EW jW j∥ ≤ ∑
j∈[B]

∥EW jW j∥ ≤ L(ηL − µ)

B

Define C̃ := L(ηL−µ)
B and W := 2Lη

B , then√
E∥W∥2 ≤

√
2e log(2d)L(ηL − µ)B−1 + 8e log(2d)LηB−1

≤ δ

⇔√
2e log(2d)L(ηL − µ)B−1 ≤ δ/2 and 8e log(2d)LηB−1 ≤ δ/2

We have: √
2e log(2d)L(ηL − µ)B−1 ≤ δ/2 ⇔ B ≥ 8e log(2d)L(Lη − µ)δ−2

8e log(2d)LηB−1 ≤ δ/2 ⇔ B ≥ 16e log(2d)Lηδ−1

Putting together and taking δ = δ/α we arrive at the right condition on batch size B i.e

B ≥ 8e log(2d)max
{

L(ηL − µ)δ−2α2,
(
4L2δ−2α2η2) 1

2

}

□
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3.3.3 Convergence Bound for mini-SGD

Theorem 3.3.1

Consider mini-SGD applied to µ− strongly convex and L− Smooth finite sum problem 2.2.4 whose
sampling probabilities satisfy assumption 3.3.1. Fix parameter α∗ = 2

L+µ . Define the constant

L̃ = L−µ
L+µ with µ = ∑i∈[n] µi and L = ∑i∈[n] Li.

For k∗ > 1 choose

B ≥ 16e log(2d)max
{

L(ηL − µ)

(L − µ)2
k∗

log(k∗)
,

√
2Lη

L − µ

(
k∗

log(k∗)

)1/2}
(3.57)

then if interpolation holds for x∗ (2.2.1), the mini-SGD iterate satisfy

E ∥xk − x∗∥ ≤ L̃k max
{
(k∗)k/k∗ , d

}
∥x0 − x∗∥ (3.58)

Proof of Theorem 3.3.1.
Using Taylor approximation around the interpolation point x∗ we analyse

xk+1 − x∗ =
(
Id×d − α

1
B ∑

j∈[B]

1
psj

∇2 fsj(x∗)
)
(xk − x∗)

=:
(
Id×d − αMk

)
(xk − x∗)

=
(
Id×d − αMk

)
· · ·
(
Id×d − αM1

)︸ ︷︷ ︸
=:Zk

(x0 − x∗)

⇔

E∥xk+1 − x∗∥ ≤ E∥Zk∥∥x0 − x∗∥

Define mi := L−µ
L+µ =: L̃ and σi := δ/L̃. By defining Zk by defining Y i := Id×d − α∗Mi ∀i ∈ [n], use lemma

3.3.2 and lemma 3.3.3 to apply theorem 2.1.2 in order to control the expectation bound of the random
product of matrices.

ν = ∑
i∈[k]

σ2
i = k

δ2

L̃2 M = ∏
i∈[k]

mi = L̃k

E∥Zk∥ ≤ L̃k exp
{√

2kδ2

L̃2 max{2kδ2

L̃2 , d}
}

≤ L̃k max{exp{2kδ2

L̃2 }, d}

where last equation holds conditioned on the fact that lemma 3.3.3 holds i.e for batch size large enough

B ≥ 8e log(2d)max
{

L(ηL − µ)δ−2α2,
(
4L2δ−2α2η2) 1

2

}
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Set δ2 := L̃2 log(k∗)/(2k∗) yield

E∥Zk∥ ≤ L̃k max
{
(k∗)k/k∗ , d

}
given

B ≥ 8e log(2d)max
{

L(ηL − µ)δ−2α2︸ ︷︷ ︸
Term 1

,
(

4L2δ−2α2η2︸ ︷︷ ︸
Term 2

) 1
2

}

Simplifying Term 1 with α = 1
L+µ yield

L(ηL − µ)δ−2α2 =
2L(ηL − µ)

(L − µ)2
k∗

log(k∗)

and for Term 2

4L2δ−2α2η2 =
8L2η2

(L − µ)2
k∗

log(k∗)

yielding the minimum batch size

B ≥ 16e log(2d)max
{

L(ηL − µ)

(L − µ)2
k∗

log(k∗)
,

√
2Lη

L − µ

(
k∗

log(k∗)

)1/2}

□

Corollary 3.3.1 Fix c ∈ (0, 2). There exists parameter α such that for κ := L
µ sufficiently large, the

mini-SGD iterates applied to finite sum problem 2.2.4 with interpolation at x∗ in a region sufficiently
close to quadratics converge in expected norm at least at linear rate

E∥xk − x∗∥ ≤ O
((

1 − c
κ

)k
)

given B ≥ O
(

η log(d)κ
)

(3.59)

Proof of Corollary 3.3.1.
Taking the result from theorem 3.3.1 we have

E∥xk − x∗∥ ≤ Ratek∥x0 − x∗∥

where Rate = Lk∗/ log k∗. Following the identical steps as in the proof of corollary 3.1.1, i.e define
k∗

log(k∗) := κ
c for some constant c > 0 we have

Ratek ≈ 1 − c̃/κ +O
(
κ−2)

for κ := L
µ .
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Plug in the value κ/c in the batch size lower bound yield

B ≥ 16e log(2d)max
{

L(ηL − µ)

(L − µ)2 · κ/c︸ ︷︷ ︸
=:Term 1

,

√
2Lη

L − µ
·
√

κ/c︸ ︷︷ ︸
=:Term 2

}

where for Term 1 :

L(ηL − µ)

(L − µ)2 · κ/c = κ
ηκ2 − κ

c(κ − 1)2 ≈κ>>1 O(ηκ)

and for Term 2:

√
2Lη

L − µ
·
√

κ/c =
√

2κη

κ − 1

√
κ/c ≈κ>>1 O(η

√
κ)

Hence

B ≥ O
{

log(d)ηκ

}

□

3.4 High Probability Bound for mini-HBM on Quadratics

The cornerstone of our convergence analysis for the mini-HBM algorithm on consistent least squares
problem [Problem 2.2.3] is the main theorem presented by [4]. For the sake of completeness, we first
provide a standard proof analysis of heavy ball momentum on quadratic functions. We then supplement
this with key lemmas from [4], culminating in the presentation of the main theorem. Our motivation for
detailing these crucial lemmas extends beyond this chapter; they form the foundation for our subsequent
work in sub-chapter [3.4.3], where we develop a high-probability bound extension to the main theorem,
building upon the core proof strategy.

3.4.1 Standard Analysis of Heavy Ball Momentum on Quadratics

Assume the consistent least squares problem 2.2.3 with solution Ax∗ = b. Then the update rule from the
HBM algorithm (definition 2.2.4 ) satisfies

xk+1 = xk − α(AT Axk − AT Ax∗) + β(xk − xk−1) (3.60)

⇔

xk+1 − x∗ =
(
(1 + β)Id×d − αAT A

)
(xk − x∗)− β(xk−1 − x∗) (3.61)
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We can write the error transition in the following linear map[
xk+1 − x∗

xk − x∗

]
=

[
(1 + β)Id×d − αA⊤A −βId×d

Id×d 0

]
︸ ︷︷ ︸

T=T(α,β)

[
xk − x∗

xk−1 − x∗

]
(3.62)

= Tk

[
x1 − x∗

x0 − x∗

]
(3.63)

Assuming x1 = x0 we have

∥xk − x∗∥ ≤
√

2 · ∥Tk∥ · ∥x0 − x∗∥ (3.64)

Note that T is not symmetric implying ∥Tk∥ ̸= ∥T∥k. To upper bound the norm of Tk it is common to use
Gelfrand’s formula [Appendix A.0.5] i.e for any matrix T

ρ(T) = lim
k→∞

∥Tk∥
1
k (3.65)

which implies that for any ϵ it ∃Cϵ such that

∥Tk∥ ≤ Cϵ(ρ(T) + ϵ)k (3.66)

Applying to eq: 3.64

∥xk − x0∥ ≤
√

2Cϵ∥x0 − x∗∥
(

ρ
(
T(α, β)

)
+ ϵ

)k

(3.67)

Hence the rate depends on the spectral radius of the error transition matrix T which can be upper bound
by ρ(T) = maxi |zi| where zi ∈ λ(T). To find the eigenvalues {zi} note that T is orthogonally similar to a
block diagonal i.e

AT A := UΛUT Λ := diag{λ1, . . . , λd} λi ∈ C ∀i ∈ [d]

define the permutation matrix

Πi,j =


i odd , j = (i + 1)/2

i even , j = n + i/2

0 otherwise.

(3.68)

then

Π

[
U 0
0 U

]T

T

[
U 0
0 U

]
ΠT =


T1

T2
. . .

Td

 where Ti =

[
1 + β − αi −β

1 0

]
(3.69)
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where we read the eigenvalues of T

z±j :=
1
2
(
1 + β − αλj ±

√
(1 + β − αλi)2 − 4β

)
(3.70)

which are maximised when

(1 + β − αλi)
2 − 4β < 0 (3.71)

hence

ρ(T) ≤ max
j∈[n]

|z±j | =
√

β

Now we wish to minimise w.r.t to β yielding

min
√

β s.t (1 + β − αλi)
2 − 4β < 0 (3.72)

Note the equivalence on the constraint

(1 + β − αλi)
2 − 4β < 0 ⇔ (3.73)

(1 −
√

β)2

λmin
< α <

(1 +
√

β)2

λmax
(3.74)

hence the minimum over the constraint region is attained by

(1 −
√

β)2

λmin
= α =

(1 +
√

β)2

λmax
(3.75)

from which the best parameter in the sense minising the upper bound on ρ(T) are

√
α∗ =

2√
λmax +

√
λmin

√
β∗ =

√
κ − 1√
κ + 1

(3.76)

with κ = κ(AT A) condition number with respect to spectral norm.
Hence we have proved the asymptotic bound for the HBM algorithm with rate

√
β

In order to provide a non-asymptotic result, we need to adapt the analysis. The issue with parameters
{α∗, β∗} is that the matrix T is defective hence diagonalisation does not exists. To circumvent this fact, we
follow the proposition of [4] to replace the parameters {α∗, β∗} by a perturbed version parametrised by
γ ∈ (0, λmin)

L = λmax + γ l = λmin − γ (3.77)

√
α∗ :=

2√
L +

√
l

√
β∗ =

√
L/l − 1√
L/l + 1

(3.78)

As the matrix T(α∗, β∗) has full rank, we define its diagonalisation

T = UTCD(UTC)−1 (3.79)
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with

Π

[
U 0
0 U

]
=: UT Tj = CjDjC−1

j j ∈ [d] C := diag
{

C1, . . . , Cd
}

(3.80)

Then

∥Tk∥ ≤ ∥UTC∥∥(UTC)−1∥∥Dk∥ (3.81)

=: M(α, β)∥D∥k (3.82)

where we defined the condition number M(α, β) of the eigenvector matrix UC . In [4], the authors show
that under the current setting

∥D∥ =
√

β∗ (3.83)

hence the non asymptotic error bound for HBM on consistent ls yield

∥xk − x∗∥ ≤
√

2 · ∥x0 − x∗∥ · M(α∗, β∗) ·
(√

L/l − 1√
L/l + 1

)k

(3.84)

We can bound the condition number M(α∗, β∗) by [lemma 3.4.1]

Lemma 3.4.1

For any γ ∈
(
0, λmin(AT A)

)
, the condition number of the eigenvector matrix UTC evaluated at

(α∗, β∗) satisfies

M(α∗, β∗) ≤ 4
α∗ ·

√
γ · (γ + λmax − λmin)

(3.85)

with λmin := λmin(AT A) and λmax = λmax(AT A)

Proof of lemma 3.4.1.

The proof is provided in lemma 1 in the work [4] □

3.4.2 Expectation Bound for mini-HBM on Consistent Least Squares

Here we state the main theorem of [4] which shows that the same linear rate of convergence can be
achieved by mini-HBM as the deterministic version HBM on the consistent least squares problem 2.2.3.
The authors require assumption 3.1.1 to hold.
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Theorem 3.4.1

Consider mini-HBM with parameters {α∗, β∗} [eq: 3.78] on consistent least squares [problem: 2.2.3],
whose sampling probabilities satisfies assumption 3.1.1. Assume the solution Ax∗ = b.
Then, for κ(AT A) sufficiently large, the average iterate error norm converges with linear rates

E∥xk − x∗∥ ∈ O
(

1 − 1√
κ

)
(3.86)

given

B ≥ O
(

ηd log(d)κ
√

κ

)
(3.87)

Proof of theorem 3.4.1.

The proof can be found in [4] [Theorem 4] together with [corollary 1] □

3.4.3 High Probability Bound for mini-HBM on Consistent Least Squares

In this section, we begin by presenting a proof sketch to provide clarity to the reader. We then state the
main theorem that provides a high-probability bound on the norm of the error rate and follow it with a
more rigorous proof. Finally, we present a corollary derived from the theorem.
Assume the consistent least squares problem 2.2.3 with solution Ax∗ = b and the stochastic optimisation
algorithm mini-HBM [def: 2.3.2] with sampling probabilities satisfying assumption 3.1.1. Define the
random error at iteration k by

ek := xk − x∗ (3.88)

the stochastic gradient as

∇ f (xk, ξ) = Mk · ek Mk :=
1
B ∑

i∈[B]

1
psi

asi a
T
si

(3.89)

Then following the same procedure as in the deterministic case [section 3.4.1], the transition error map
satisfies [

ek+1

ek

]
=

[
(1 + β)Id×d − αMk −βId×d

Id×d 0

]
︸ ︷︷ ︸

=:Yk∈R2d×2d

[
ek

ek−1

]
(3.90)

Assuming x0 = x1 we have

∥ek∥ ≤
√

2 · ∥e0∥ · ∥Yk · · ·Y1∥ (3.91)

By controlling the tail of the spectral norm of the product of random matrices Yk · · ·Y1 [Theorem 2.1.3]
we aim at a result of the form

P

{
∥ek∥ ≤ CRatek

}
≥ 1 − δ C > 0, δ ∈ (0, 1) (3.92)
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3.4.4 Main Result

Theorem 3.4.2

Consider mini-HBM applied to consistent least squares problem 2.2.3 whose sampling probabilities
satisfy assumption 3.1.1. Assume the solution Ax∗ = b. Fix parameters {α = α∗, β = β∗} as in [eq:
3.78]. Define the condition number of the eigenvector matrix of T as in [eq: 3.82] by M(α∗, β∗).
For any k∗ > 1 assume

B ≥ 4 · η · ∥A∥2
F ·
(

Term 1 + Term 2
)
·
(

log(1/δ̃) + log(2d)
)

(3.93)

with probability at least 1 − kδ̃

where

Term1 := ∥A∥2 · M(α∗, β∗)2 · (α∗)2 · k∗

log(k∗) · β∗ (3.94)

Term2 :=
(

4/9 · M(α∗, β∗)2 · (α∗)2 · 2k∗

log(k∗) · β∗

)1/2

(3.95)

Then with probability at least 1 − δ

∥xk − x∗∥ ≤
√

2 · M(α∗, β∗) · ∥x0 − x∗∥ · (
√

β∗)k · exp
(√

k · log(k∗)
k∗

· log(2d/δ)

)
(3.96)

for all k ∈ N satisfying

log(d/δ)
log(k∗)

k∗
≥ k (3.97)

Proof of Theorem 3.4.2.
Define

∥Yk · · ·Y1∥ =: ∥(UTC)Xk · · · X1(UTC)−1∥

where UTC is the eigenvector matrix of the deterministic transition error matrix T [eq: 3.79]. Then the
random iterates error norm yield

∥ek∥ ≤ ∥UTC∥∥(UTC)−1∥
√

2∥e0∥∥Xk · · · X1∥

= M(α∗, β∗)
√

2∥e0∥∥ Xk · · · X1︸ ︷︷ ︸
=:Zk

∥

By theorem 3.2.1 we can control the tail of the spectral norm of Zk if the following condition holds:
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Condition A :

∥EX i∥ ≤ mi ∀i ∈ [k]

where we notice (eq: 3.79)

∥EX i∥ = ∥(UTC)−1EY i(UTC)∥ = ∥(UTC)−1T(UTC)∥ = ∥D∥

Then by eq: 3.83

∥D∥ =
√

β∗

Define

mi :=
√

β∗ ∀i ∈ [k] =⇒ Condition A True

Condition B :

∥X i − EX i∥ ≤ σimi a.s ∀i ∈ [k]

Notice the following:

∥X i − EX i∥ ≤ M(α∗, β∗)∥Y i − EY i∥ = M(α∗, β∗)∥Y i − T∥

notice

Y i − T = ∑
j∈Si

α∗

B

[
−p−1

j ajaT
j + AT A 0

0 0

]
=: α∗ ∑

j∈Si

[
W j 0
0 0

]

implying

∥Y i − T∥ = α∗∥W∥ with W := ∑
j∈Si

W j

=⇒

∥X i − EX i∥ ≤ α∗M(α∗, β∗)∥W∥

Applying Lemma 3.2.1 with t = t1/(α∗M(α∗, β∗)) yield with probability at least 1 − δ̃

∥X i − EX i∥ ≤ t1

given

B ≥ 2η∥A∥2
F

(
∥A∥2M(α∗, β∗)2(α∗)2t−2

1 +
2
3

M(α∗, β∗)(α∗)t−1
1

)
· log

(
2d
δ̃

)
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Last result holds uniformly over all k with probability at least 1 − kδ̃.
Hence define

σi := t1/
√

β∗ =⇒ Condition B True w.p at least 1 − kδ̃

given B ≥ 2η∥A∥2
F

(
∥A∥2M(α∗, β∗)2(α∗)2t−2

1 +
2
3

M(α∗, β∗)(α∗)t−1
1

)
· log

(
2d
δ̃

)
From Condition A and B we have

M =
(√

β∗)k
ν = ∑

i∈[k]
σ2

i = k
t2
1

β∗

Choose

t2
1 := β∗ log(k∗)

2k∗
=⇒ 2ν = k

log(k∗)
k∗

Apply Theorem 3.2.1 to ∥Zk∥

P

{
∥Zk∥ ≥ t2M

}
≤ 2d exp

(
− log(t2)

2k∗

k log(k∗)

)
given log(t2) ≥

k log(k∗)
k∗

Setting the right handside to δ yield

t2 = exp
(√

log(2d/δ)
log(k∗)k

k∗

)
Recall from eq: 3.91 and denote ∥e0∥ =: D0 for clarity:

∥ek∥ ≤
√

2∥e0∥∥Yk · · ·Y1∥

=
√

2D0M(α∗, β∗)︸ ︷︷ ︸
=:C

∥Xk · · · X1∥

⇔

∥ek∥ ≤ C∥Xk · · · X1∥

Then the following events are inclusive

E1 :=
{
∥ek∥ ≥ Ct2

}
=⇒ E2 :=

{
∥Xk · · · X1∥ ≥ t2

}
implying

P

{
E1

}
≤ P

{
E2

}
≤ δ
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which finally yield

P

{
∥ek∥ ≥ C · exp

(√
log(2d/δ)

log(k∗)k
k∗

)}
≤ δ

To obtain the desired bound for the batch size it remains to plug t2
1 = β∗ log(k∗)

2k∗ in

B ≥ 2η∥A∥2
F

(
∥A∥2M(α∗, β∗)2(α∗)2t−2

1 +
2
3

M(α∗, β∗)(α∗)t−1
1

)
· log

(
2d
δ̃

)

□

3.4.5 Interpretation of Theorem and Limitations

In this section, we refine Theorem 3.4.2 into a more interpretable form, focusing on the batch size condi-
tion. We demonstrate that under specific conditions, we can control the error rate with high probability
at an information-theoretically optimal rate. Additionally, we conclude the section by discussing some
non-asymptotic limitations of our results.

Corollary 3.4.1 Under Assumptions of Theorem 3.2.1
Fix constant c1 ∈ (0, 1) and c2 such that the following holds

c2 ∈
(

2
√

1 − c1

log(d/δ)
,

2
√

κ − 2
√

1 − c1

log(d/δ)

)
(3.98)

Define C := 2
√

1 − c1 − c2 log(d/δ).
Then for all κ(A) sufficiently large, the error norm of mini-HBM on consistent least squares 2.2.3
converges with probability at least 1 − δ at a linear rate, i.e,

P

{
∥xk − x∗∥ ≤

√
2 · M(α∗, β∗) · ∥x0 − x∗∥ ·

(
1 − C√

κ

)k}
≥ 1 − δ (3.99)

for

k ≤ log(2d/δ)

√
κ

c2

Provided that with probability at least 1 − kδ̃,

B ≥ O
(

ηd log(d/δ̃)κ
√

κ

)
(3.100)

Proof of Corollary 3.4.1.

Assume γ := c1λmin(AT A) for c1 ∈ (0, 1) which implies

L
l
=

κ

1 − c1
+

c1

1 − c1
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hence

√
β∗ =

√
L/l − 1√
L/l + 1

= 1 − 2
√

1 − c1√
κ + c1 +

√
1 − c1

≈κ>>1 1 − 2
√

1 − c1√
κ

From Theorem 3.4.2 we notice

(
√

β∗)k exp
(√

k · log(k∗)
k∗

· log(d/δ)

)
≤ (
√

β∗)k exp
(

k · log(k∗)
k∗

· log(d/δ)

)
=

(√
β∗ exp

(
c2√

κ
· log(d/δ)︸ ︷︷ ︸

=:RATE

)k

where we defined

k∗

log(k∗)
:=

√
κ

c2
for some c2 > 0

Define p sucht that

(√
β∗
)1−p

=
√

β∗ exp
(

c2√
κ
· log(d/δ)

)
⇔

1 − p = 1 − c2 log(d/δ)√
κ

· 1
log(1/

√
β∗)

Note:

log(1/
√

β∗) = − log(
√

β) ≈ − log(1 − 2
√

1 − c1√
κ

) ≈ 2
√

1 − c1√
κ

hence

1 − p = 1 − c2 log(d/δ)

2
√

1 − c1
+O

(
κ−1/2

)
⇔

(
√

β∗)1−p =

(
1 − 2

√
1 − c1√

κ

)1− c2 log(d/δ)

2
√

1−c1
+O

(
κ−1/2

)

≈ exp
(
− 2

√
1 − c1 − c2 log(d/δ)√

κ

)
=

(
1 − 2

√
1 − c1 − c2 log(d/δ)√

κ

)
:=
(

1 − C√
κ

)
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for some C = 2
√

1 − c1 − c2 log(d/δ). Hence we have convergence if and only if

|1 − C√
κ
| < 1 ⇔ c2 ∈

(
2
√

1 − c1

log(d/δ)
,

2
√

κ − 2
√

1 − c1

log(d/δ)

)
Recall that c1 ∈ (0, 1), we proved the existence of a linear rate of convergence of order 1 −O(

√
κ) .

The condition (artefact form 2.1.3) on t2 yield in this setting

log(t2) ≥ 2ν ⇔√
k log(k∗)

k∗
log(2d/δ) ≥ k

log(k∗)
k∗

⇔

k ≤ k∗

log(k∗)
log(2d/δ) = log(2d/δ)

√
κ

c2

Next to simplify the notation we drop the star on M, α, β and we plug in the constant choice

k∗

log(k∗)
:=

√
κ

c2

into the batch size bound

B ≥ 2η∥A∥2
F

(
∥A∥2M2α2 k∗

log(k∗)
1
β
+

(
8
9

M2α2 k∗

log(k∗)
1
β

)1/2
)
· log(d/δ̃)

= 2

(
ηdκκλ2

min M2α2
√

κ

βc2︸ ︷︷ ︸
=:Term 1

+

(
8
9

M2α2λ2
min

√
κ

βc2

)1/2

︸ ︷︷ ︸
=:Term 2

)
· log(d/δ̃)

Note the term (Mαλmin)
2 appearing in both Term1 and Term 2. To bound this, we use Lemma 3.4.1

(Mαλmin)
2 ≤

4λ2
min

γ(γ + λmax − λmin)
≤ λmin

γ

4λmin
λmax − λmin

∈ O
(

κ−1
)

=⇒ κ(Mαλmin) ∈ O
(

1
)

Hence we have for Term 1 as 1/c2 ∈ O
(

log(d)
)

Term 1 ∈ O
(

ηd log(d)κ
√

κ

)
and for Term 2

Term 2 ∈ O
(

ηd log(d)κκ1/4
)
∈ O

(
ηd log(d)κ

√
κ

)
Finally

B ∈ O
(

ηd log(d/δ̃)κ
√

κ

)
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□

Non-Asymptotic Limitations of Corollary 3.4.1

As in Section 3.2.1, we encounter a non-asymptotic limitation on the number of iterations for which
Corollary 3.4.1 holds:

k ≤ log(2d/δ)

√
κ

c2
(3.101)

The constant c2, which behaves as O(1/ log(d/δ)), introduces a critical trade-off. Minimizing the constant
C = 2

√
1 − c1 − c2 log(d/δ) for faster convergence requires maximizing c2. However, to extend the result’s

validity to a larger number of iterations k, we need to minimize c2. Similar limitations arise in the bound
on the batch size, stemming from the proof technique [Theorem 3.2.1]. For Theorem 3.4.2 to hold, we
require a uniform bound over all i ∈ [k]:

|X i − EX i| ≤ σimi w.p. at least 1 − δ̃ (see proof of [Theorem 3.4.2]) (3.102)

This must hold with probability at least 1 − kδ̃, creating an inverse relationship between iterations k
and probability δ̃. Consequently, there exists a non-asymptotic bound on k for the batch size to remain
meaningful (i.e., less than the number of rows n):

k ≲ exp
(

n
ηκ

√
κd

)
d−1 ⇔ B ≲ n (3.103)

In the large-scale system regime (i.e., n ≫ d), this limitation should not be significantly constraining.
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CHAPTER

4

FUTURE DIRECTIONS

4.1 Inconsistent Systems

The results we have proven all apply to consistent systems. Following the work of Bollapragada et al. [4],
it is possible to extend all our findings to inconsistent systems as well. This extension would broaden the
applicability of our results to a wider range of practical scenarios where exact solutions may not exist.

4.2 Towards Unification

The core of our proof technique lies in applying concentration results for products of matrices to stochastic
optimization theory, particularly for linear update operators. This approach, while novel, has been largely
unexplored due to the historical development of these fields. Concentration results for matrix products
have primarily emerged in recent years, whereas the study of stochastic iterative methods with linear
updates has a longer history. This new perspective, analyzing through the lens of concentration, deviates
from classical proof techniques and opens up significant avenues for exploration. A particularly promising
direction would be to extend this approach to the unified framework of stochastic methods for solving
linear systems, as presented by Gower and Richtárik [16]. Their work provides a general framework for
batch versions of iterative algorithms, including:

• Block Kaczmarz

• Randomized Newton

• Randomized Coordinate Descent with Batching
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In their framework, the stochastic matrix for iterate update is presented as:

Z := ATS(ST AB−1 ATS)+SA (4.1)

Taking an analytic viewpoint of solving linear systems yields the random fixed point iteration:

xk+1 − x∗ = (I − B−1Zk)(xk − x∗) (4.2)

where it is assumed that Ax∗ = b. Analyzing the following product in a manner similar to the work
presented in this thesis could potentially reveal unknown results:

Mn := (I − B−1Zn) · · · (I − B−1Z0) (4.3)

This approach, applied within a unification framework, could yield new insights not just for one algorithm,
but for several, further advancing the theory of mini-batching. Such an extension would complement and
expand upon the results presented in this thesis, providing a more comprehensive understanding of
stochastic optimization methods in various contexts.
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Acronyms

ACRONYMS

This document is incomplete. The external file associated with the glossary ‘acronym’ (which should be
called main.acr) hasn’t been created.

Check the contents of the file main.acn. If it’s empty, that means you haven’t indexed any of your
entries in this glossary (using commands like \gls or \glsadd) so this list can’t be generated. If the file
isn’t empty, the document build process hasn’t been completed.

Try one of the following:

• Add automake to your package option list when you load glossaries-extra.sty. For example:

\usepackage[automake]{glossaries-extra}

• Run the external (Lua) application:

makeglossaries-lite.lua "main"

• Run the external (Perl) application:

makeglossaries "main"

Then rerun LATEX on this document.
This message will be removed once the problem has been fixed.
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APPENDIX

A

APPENDIX

A.0.1 Facts on Convergence

Definition A.0.1 Speed of Convergence

A sequence {xk}k∈N ∈ Rn converges linearly to x∗ ∈ Rn if

∃0 < L̃ < 1 : ∥xk+1 − x∗∥ ≤ L̃∥xk − x∗∥ ∀k ∈ N0

the rate of convergence is defined as the least upper bound for L̃

L := sup
k∈N0

∥xk+1 − x∗∥
∥xk − x∗∥

Lemma A.0.1

Consider a sequence
{

ak
}

k∈N
∈ R+ satisfying

ak ≤ Lkα0 (A.1)

for L ∈ [0, 1[ and α0 ∈ R+. Then for a given ϵ ∈]0, 1[ we have

k ≥ 1
1 − L

log
(α0

ϵ

)
=⇒ αk ≤ ϵ (A.2)
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Proof. A.0.1

αk ≤ ϵ ⇔ log
α0

αk
≥ log

α0

ϵ

from the eq: A.1 we have

log
α0

αk
≥ klog

1
L
≥ k(1 − L) ≥ 1

1 − L
log

α0

ϵ
(1 − L) = log

α0

ϵ
⇔ αk ≤ ϵ

□

A.0.2 Theory: µ-Strong Convexity and Smoothness

We introduce several definitions and lemmas from optimisation theory that may be unfamiliar to readers
from other fields. While we assume the reader has a basic understanding of fundamental concepts like
convexity, which are common across various disciplines, we aim to provide a foundation for the more
specialised ideas used in this work.

Definition A.0.2 µ-Strong Convexity

Let f : dom( f ) ⊆ Rd → R ∪ {+∞} and µ > 0 be convex and differentiable over X ⊆ dom( f ). We
say that f is µ− strongly convex over X if

f (y) ≥ f (x) +∇ f (x)T(y − x) +
µ

2
∥x − y∥2 , ∀x, y ∈ X (A.3)

If X = dom( f ) then f is simply called strongly convex.

Lemma A.0.2

Suppose that dom( f ) is open and convex, and that f : dom( f ) → R is differentiable. Let µ ∈ R+.
Then the following two statements are equivalent.

1. f is µ− strongly convex

2. g defined by g(x) = f (x)− µ
2 xTx is convex over dom(g) := dom( f )

Proof of lemma A.0.2.

Section 2 in [15] □
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Definition A.0.3 L-Smoothness

Let f : dom( f ) → R be differentiable and convex over X ⊆ dom( f ). Assume L ∈ R+. Then function
f is called L−smooth over X if

f (y) ≤ f (x) +∇ f (x)T(y − x) +
L
2
∥x − y∥2 , ∀x, y ∈ X. (A.4)

If X = dom( f ) then f is simply called L− smooth.

Lemma A.0.3

Let f : Rd → R be convex and differentiable. The following two statements are equivalent

1. f is L− smooth

2. ∥∇ f (y)−∇ f (x)∥ ≤ L∥y − x∥ ∀x, y ∈ X ⊆ dom( f )

Proof of Lemma A.0.3.

Section 2 [15] □

Lemma A.0.4

Let f : Rd → R be twice differentiable µ−strongly convex and L−smooth function. Then the
following holds

µ ≤ λ(∇2 f (x)) ≤ L ∀x (A.5)

Proof of Lemma A.0.4.

Combined lemma 2.15 and 2.26 in [15] □

A.0.3 Understand Gradient Descent

We wish to define a 1-point iterative method for problem 2.2.1 with continous iterative function, where the
sequence of iterates produced by the method is well defined and converges in the limit to the minimum
value solution x∗ , i.e

xk+1 = ϕ(xk) ϕ : Rn → Rn

x∗ = lim
k→∞

xk

ϕ ∈ C(Rn) =⇒ CONSISTENCY x∗ = ϕ(x∗)

Focusing on the following class of iterative functions:

xk+1 = xk + tkdk tk ∈ R, dk ∈ Rn

Page 72 of 75



APPENDIX A. APPENDIX

we defined the decent direction d as follow:

f (x + td) < f (x) t ∈ some Ut ⊆ R

Hence we wish to find a a descent direction, hoping to convergence to the minimum of f.
The following claim is a key motivation for gradient descent direction.

Claim A.0.1 Steepest Direction: d = − ∇ f (x)
∥∇ f (x)∥

For f continously differentiable, any direction d ∈ {d ∈ Rn : ∥d∥2 = 1} for some t ∈ Ut we have

dT∇ f (x) < 0 =⇒ f (x + td) < f (x)

and

d = − ∇ f (x)
∥∇ f (x)∥ =⇒ Steepest Direction

Proof of claim A.0.1.
Let define g(x) := ⟨d,∇ f (x)⟩ < 0 by continuity of g s.t

∃t̄ s.t g(x + td) < 0 ∀t ∈ (0, t̄] =: Ut

Given xk+1 = xk + td, we define ψ(θ) := f (xk + θtd) then by mean-value Thm on ψ(θ) we have

∃γ ∈ (0, 1) s.t ψ(1) = ψ(0) + ψ′(γ)

⇔ f (xk + td) = f (xk) + t⟨d,∇ f (xk + γtd)⟩

⇔ f (xk + td)− f (xk) = t⟨d,∇ f (xk + γtd)⟩

Hence for tγ ∈ Ut we have ⟨d,∇ f (xk + γtd)⟩ < 0 =⇒ f (xk+1) < f (xk)

Using cauchy-schwartz

dopt = inf
d∈B2(Rn)

⟨d,∇ f (x)⟩

= − ∇ f (x)
∥∇ f (x)∥2

□

Hence motivated by the claim we define the following 1-fixed point iterative method

xk+1 = xk − tk∇ f (xk)
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A.0.4 Understand Momentum

We motivate momentum like algorithm though the lense of the continous version of the algorithms as in
[45]. To illustrate what is meant by "continous version", assuming the gradient decent iteration, as

xk+1 = xk − γ∇ f (xk)

we consider xk to be sampled at each multiple of γ from a function X : R+ → Rn i.e

xk = X(kγ)

then for t = kγ we have

X(t + γ) = xk+1 = xk − γ∇ f (xk) = X(t)− γ∇ f (X(t))

⇔ 1
γ
(X(t + γ)− X(t)) = −∇ f (X(t))

lim
γ→0

=⇒ ODE: Ẋ(t) = −∇ f (X(t))

Note that ∇ f (X(t)) = 0 is a fixed point or a stationary point of the ODE, which is also a minimizer
of a convex smooth function. Reversing the process, gradient descent can be seen as a finite difference
approximation scheme of the ODE system.

Notice that the minimum of f (x) fullfiling ∇ f (x) = 0 is also a stationary point of the following second
order differential equation which interpretated from physics corresponds

µ
∂2X(t)

∂2t
= −∇ f (X(t))− b

∂X(t)
∂t

(A.6)

This equation describes the dynamics of a particle in terms of its momentum, the forces acting on it due
to a potential, and friction:

• µ
∂2X(t)

∂t2 : This term represents the particle’s change in momentum over time, where µ is the mass of

the particle, and ∂2X(t)
∂t2 is its acceleration.

• −∇ f (X(t)): This is the force acting on the particle due to a potential f . The negative gradient points
towards the direction of the greatest decrease in potential energy, guiding the particle towards lower
potential states.

• −b ∂X(t)
∂t : This term models the friction or damping force, which is proportional and opposite to the

velocity, thereby slowing the particle down.

Together, these terms model the movement of a particle as a balance between momentum, potential-
driven forces, and friction, providing insights into how it will traverse space over time. This will motivate
the name of momentum iterative procedures.
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Applying a finite difference approximation yield

µ

(∆t)2 [X(t + ∆t)− 2X(t) + X(t − ∆t)] ≈ −∇ f (X(t))− b
X(t + ∆t)− X(t)

∆t
(A.7)

rearranging we have

X(t + ∆t) = X(t)− α∇ f (X(t)) + β(X(t)− X(t + ∆t)) (A.8)

using the same idea of sampling from X(t) we define the heavy ball momentum algorithm

xk+1 = xk − α∇ f (xk) + β(xk − xk−1) (A.9)

A.0.5 Gelfand’s Formula

Theorem A.0.1 Gelfand’s Theorem

For any matrix norm ∥ · ∥, we have
ρ(A) = lim

k→∞
∥Ak∥

1
k (A.10)
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