Statistical Problem: A Generic Model

Data Modelling:

Remark
| 1 - | ]
| Data (Observations) Set: X = {X,,....X | X €% c R} | |
' Observation Space = ;
| Assume Data IID: Xy, ..., X,  ~;q,copies of "generic" X
|
| Distribution of X: X~P Pe%x#
Family of Distribution ~ := &
| Distribution of X, X, ~P:=P X-:-XP

~n-tmes
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Statistical Problem: A Parametric Model

X (-)~P=Px--XP /
» o Xi=x1,...X =X}
X~P \ - T

A

\4

v
P unknown ! “ data we observe ”

|

Parametric Assumption New Goal:

PrPfeFy={P) | 00}

| » Find ) € @ s.t Py = P;
® := parameter space (user defined)

ETH-zurich



Statistical Problem: A Parametric Model : Tossing Example

Given a set of n outcomes from tossing a coin n time, is the coin fair ? ; > |

= {head, ...,tail}

coin

“Tossing a coin ” =: X € X = {head,tall} = {0,1}

Parametric Assumption: X ~ Ber(0) =: %, 6¢€ © :=[0,1]

Family of densities: P, = {Pe(X =x)=0(1-6)'* ., xe{0=head,] = tail}}
Data Set as R.V X ={X;,...X} X :=i"time the coin is tossed 7 > A
CideX |
Distribution of dataset _ _ _ _ %1 _ anl=x,
(Densities Family ) Dy = {PH B H PQ} = PeX = Degin) = H (1 = 0)
1€[n] 1€|n] [ ——— \ A —
Xn = |]:Dcoin g; 8 %? 05
realisation | |
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Statistical Problem: Likelihood Function

ASSUMPTIONS Slide 1 Data Modelling:

, Words:
! Data Set IID realised

Definition: Likelihood Function of data set (realised) D, :

Distribution Parametrised

Parameter Space ® user defined

Lp : 0 >R

| Density well defined
: Maths:

Ly, 0) == [ [ po(x)

) o i€[n]
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Statistical Problem: Likelihood Function interpretation

A ' A
X~P,
X , » D, v Ly 0) =[] pex)

°
1€[n]

R

n , :
X ~ P@ \/ i Likelihood function captures how likely it is to :

have observed D, under parameter ¢

ETH-zurich



Statistical Problem: Maximum Likelihood Estimator

rOnIy if Supp(LDn) independent of &
0 = dlg maX L[Dn(g) ! 0 = arg max log Lp (@) = 9= arg min — log(Ly (0))
0c® ve 0c® n

Statistics — we estimated the underlying process

Machine Learning — we learned the underlying process

ETH:-zurich ;



Statistical Problem: A Parametric Model : Tossing Example (continued)

D . = {head, ...,tail} > ; Estimate 0 from D
PoX,, = Depi) = H (1 — 6)' . Ly () = H 0%(1 — 9)!
(€[n] 1E€[n]
MLE
) L1
. 0 = arg max log [ [ (1 — )'™ = arg max log(0) )’ x;+ log(1 —O)(n— ) x) - 0=—)x
o=l e 0<10.1] ie[n) ie[n) n

ETH-zurich



Bayesian VS Frequentist: A Different Philosophy of Probabilistic Modelling

Frequentist Postulates VS Bayesian Postulates

All of Statistics: Chapter 11

https://egrcc.github.io/docs/math/all-of-statistics.pdf

ETHzurich



Bayesian Method: Generic Mechanism

Probability over parameter space ®

1 : 0 ~ p(6) =: prior distribution

Choice of statistical model p(x|6&)

(belief about data x given parameter 0)

2| X ~ p(x|0)

. PROTRESHONs oS e o e SN K ST M A D AN S N S ISR

Given data set of n iid realisations
update our belief

3 p(@|D ) =: posterior distr.

ETH-zurich

>

Data Set :
D, = {Xi}ie[n] X; ~iiq PX|0)

¥ - e T ﬂ
3

| P(@,10) = [ ps) = Ly, 0) |
i€[n] Likelithood distr.

Baye’s Theorem

p(x|O)p(6)
J, pCx|O)p(6)

p@|x) =

Ly (0)p(0) -]
p@|D,) =

Jo Lo, (0)p(0) |




Bayesian Method: Point Estimate :

p@|D,) =

[, L, (O)p(6)

Maximum A Posteriori Estimate

Oyap = argmax p(0] D,)
0c®

Ly, (0)p(6) |

MAP

>

| pOID,) x Ly, (O)p(6)

= arg max lOg(LDn(g)) + log( p(0)) (under some regularity assumptions)

0e®

ETH-zurich

l Posterior < Likelihood X Prior ﬂ
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From Stochastic to ML: Fundamentals of Supervised Learning Model

Overview

Machine Learning
Course Part 11

Probabilistic Modelling
Course Part 1

Statistical Learning Theory

ETH-zurich
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From Stochastic to ML: Fundamentals of Supervised Learning Model

Covariate/Feature Space f Output Space
X S

Images Space: {Dog, Cat} C RS f Output Space

d

o — Mt i . R ’

ETH-zurich
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From Stochastic to ML: Fundamentals of Supervised Learning Model

Covariate/Feature Space f Output Space
X S

“Supervised ” = learn/ estimate/ approximate f from D = {x, yl-}ie[n]

Additive Model:

- T € ~ P Random Perturbation
Ly = { z :

k \ / f (X) Systematic Component

ETH-zurich



From Stochastic to ML: Fundamentals of Supervised Learning Model

“ Supervised ” = learn/ estimate/ approximate from D, = {xi9 yi}ie[n]

AditieMde (zeo-en aussia sumption ) o o o o o o

mitate e OB el

e ~ N(0,6°) y ~ N(f(x), 6%)

Data Modelling ( recall stochastic part!)

y ~ N(f(x), 6%) knowing Py, = knowing f(x)

ETH:-zurich 14



From Stochastic to ML: Fundamentals of Supervised Learning Model

Data Modelling ( recall stochastic part!)

Y X, = x > é > /)’1\

Yn‘Xn "_xn ' > é > yn
\/ o \/

> )n — {xi’ yi}ie[n]

Note: the iid assumption is key to encode the fact that we assume similarity in the data generating process
l.e the systematic component

ETH:-zurich 15



From Stochastic to ML: Fundamentals of Supervised Learning Model

“ Supervised ” — learn/ estimate/ approximate from D, = 1% Vil ien

Additive Model (zero -mean GaussianAssumptiony: =~~~ ==

B f& e | en N0 y ~ N(f(x), 0)

i PNV N A m———— s T ot N i > IR i DY o enT— SNSRI liE oGS i TR Rt S SN Dk S SR Rl SO S A DTtk 629 A e NS R SN NS S R NS N = ST RS R R = SRR R AR N

Model Function Class: Recall Pyjy unknown — & Py x.g

- OSSN 0 oy

O In this course:
/€ F model parametrised models F model — F 0 — U 0) |0 € O}

Model Function Class: Examples

linear models Fo=1{(x.0)|0 € O}
Neural Network ~ F 4= {NN(x;0)|0 € © = (W, b;},c;1;} — Wb Weights of NN := Neural network

ETH-zurich




From Stochastic to ML: Fundamentals of Supervised Learning Model

How to quantify the quality of a model function class given D, = {x;, y;},c,,; ?

/4
Jo(x)
Loss function ]%
I [(fo(x),y)
" Y

HOX(Ix )~ R e.g square loss I(/(X),Y) = ||fy(X) — Y||2 ’ J

e MR-

Quality of loss on average over the data space Loss function Is a random object !

\4

Empirical Risk function

I D, = {x%,Yi}iemn

| | ) 1
R(0) := Ex yl(fo(X), ) " f’ Pyy Unknown | | R(O) = - Z I(fo(x), )

1€[n]

o6 . o o

2 o

Computable given the DATA !l

ETH:-zurich 17



From Stochastic to ML: Fundamentals of Supervised Learning Model

How to quantify the quality of a model function class given D, = {xl-, yi}l-e[n] ?

Risk function (population) LN Empirical Risk function
I S . S . S . S . i : " ‘/ freses S R R U G e e SRR : -{
: ;ﬁ : D, = 1% Yi}ien) P A 1 |
R(0) := Ex yl(fo(X), Y) > | Pxy Unknown | - | RO):= - Z [(fo(x), ) |
‘ i ] { icn] |

Computable given the DATA !l

Empirical Risk Minimisation

| 0 := arg min — Z [(fo(x;), ;)
0e® Nn .
1€[n] i

s PP i _ _ PP . R S _ Sl - w— PP PRETR—p— . PR, _ - _ " ——

Prediction: given a new data point X, ,  predict

new
{‘v . SR e PP . = e S e . SRS S rs : - - e Cae o . s e o WAy 2 = :ﬂ
| Brew = o) |
| Yiew =1, O\ Xnew i

ETH-zurich
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From Stochastic to ML: Fundamentals of Supervised Learning Model

How to quantify the quality of a model function class given D, = {xi, yl-}ie[n] ?

Empirical Risk function

Risk function (population) LN
| | | D, = 1% Yilien P A | ‘
R(0) := Ex yl(fo(X), Y) | > | Pxy Unknown | - | RO):= - Z [(fo(x), ) |
: i ie[n] |
o _ o Computable given the DATA !l
Empirical Risk Minimisation
| A 1 |
% 0 .= arg min — Z I(fo(x), ) %-
| 0c® Nn .
= Oci For some class of function
R(0) ~ R(0) F g

{
il p— S P i SRR SN e T e, o oGRS P . e NSNS NI R R AT 23 R e

Notice: the more data we have, the closer we should be from the true quantitative analysis from the model we defined

ETH:-zurich 19



Statistical Problem: Example: Linear Regression (fundamental ml modelling)

Data Modelling Additive Assumption:

y=fx)+e €~ NO,c% xeR?Y , yeR
Data Modelling Parametric Assumption

Model Function Class: Recall Pyjy unknown — & Py x.

y={(x,0)+¢e¢ €~N0,06°) = y|x~Nx'0,c%

Why “Regression ” ?

u on: qudrti o e E{Y|X =x} =1 Regression function

A\

-: 0 A
" [E{Y|X — X} — XTH > [E{Y|X — X} ~ XTQ

({0, x),y) = |Ix'0 —y|I*

Find best 0 given data set D,

We learned/approximate the regression function !

_ vk o PPy PR " - A R I A T i RS AR s,

Vg

1 ) .
0 = argminzz 1x70 — yi|1> = ||1X0 — 5| With

ETH:-zurich 20



Statistical Problem: Linear Regression: Least Square Estimation

0 = arg min || X6 — 7|
HeR?

LS solution (linear algebra)

v

0= X)X

Prediction

ETH-zurich

Recall: additive model
y =Jfox) +¢€

. 6 = arg min ||¢||?
OcR?

\4

Minimum error In 12 norm with
respect to our model
assumption !

21



Statistical Problem: Linear Regression: MLE

Additive Model (zero -mean Gaussian Assumption ): Unknown parameter :

y={(x,0)+¢e¢ €~ NO0,06°) = y|x~Nx'0,c%

Estimating the Mean and Variance MLE

0cR? seR
1 b, =0 =& XK Dnew = XnenOmL
— Lan(H) — (272’62)_71/2636]?(——2 Z (yl_ . XiTQ)Z) MLE LS y
20 ic[n] NN ____, Confidence Interval
2 TA 2
n | OMLE = Vi = % Opip)
—  log(Lp,©) & ~in(6”) = —— Iy ~ X0I° n g,f] Prediction Interval

ETHzurich



Statistical Problem: Bayesian Linear Regression: MAP

Additive Model (zero -mean Gaussian Assumption ): Recall: Prior user defined !

_ i _

S NERpp—— - ——— i . _

o

y={(x,0) +¢ €~ N®O0,6%), 0~pl) = y|x,0~Nx'0,0c%

o | p(0)
Choose a Gaussian Prior MAP Estimate S—
| f | Oyap = XTX + &”)_1)( 'y
p(6) = N(0,,) | . Omap = argmax p(0|D,) = log(Lp,) + log(p(0)) | 02
| J‘ 1 1 > |
= arg min — Z (v, — 0T x)* + —|10|* "
0 o7 s o7
. o,
= arg min ||Y — X6||> + —=Z|6]|?
0 o7
= Ridge Regression ( or L, constraint least squares)
ETHzurich 23



Statistical Problem: Bayesian Linear Regression: MAP Prior Choice

Prior I L, Regularisation (Ridge)

2

: 2, % o2
Oviap = argm@mllY—X@” +— 16|

Op

logp(0) x — —||0]|2 : .
gp(0) 263 | ”2

Laplacian

L, Regularisation (LASSO)

Lo |
logp(0) x ——1|6|; > 1
| Oyuap = arg min | Y — X0)1> + — |02

Op

ETH:-zurich 24



Statistical Problem: Bayesian Modelling : Conjugate Prior

Definition :

When the prior and the posterior are from the same family of
distribution we say that the prior is conjugate with respect to

the model

Special Note :

Data Gaussian + Prior Gaussian —
Gaussian Posterior

ETHzurich

Closed Form Posterior

Analytical Tractability

Useful for:

Incremental Learning

Predictive distribution



Statistical Problem: Bayesian Modelling : Conjugate Prior for Gaussian Data

Recall Linear Gaussian Noise Additive Model : Zero-Mean Gaussian Prior:

Lp (0) = HP()HX,-, 0) p(y,;|x0) = N©O'x;,0,) p(0) = N(0,0,)

1€[n]

Is Posterior Gaussian ? i.e p(60) conjugate prior ?

p@ID,) = Ly, O)p(©) = | [ N(0"x, 0,)N)0.,) R Qty Gaussian in 0

Next slide: Simplified proof for univariate
gaussian!

ETH-zurich



Product of Univariate Gaussian

Note: For Multivariate, Results on Gaussian Conditioned on Gaussian are used to for the proof

p@|D,) = Ly (0)p(0) = HNy(QTxi, 6,)Ny(0,0,) = (27zan)”/2(2ﬂ6p)1/2 { 262

N jeln]

(=)= D 0i—x0) + —92>

1
_ _ 2, - 02 _ 2 2N 2
f=57 g;](y,- x6)” + 0_59 62 l 262xyl+6’ Z )+ 3570
02 — 2027 o
0%(62 + 62x2) — 20yx,02 + 02y} (02 " sz2> e
- 26262 - 20307

or + 05X;

0? —2A60 + B
C

ETH-zurich

}

27



Product of Univariates Gaussian

Define: Then :

PPN (9—A)2+A2—B
— € =
C C C

Which implies :

exp{ —/ } = €xp{ O-AP
= expq - ——— |

Recall what we aim :

(0 — /49)2 }

- Scaling Factor

2
yX,0,,

or + 05X;

p@|D,) €XP{ -

y)
209

ETH-zurich

NOTE: What did we show ?

Proportionality !

For valid density: need to
workout the scaling factor!
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Bayes Classifier : Framework

| Features : X € R4

| Output : Ye{l,..,C} CcN

i Classifier :

P(Y # h(X)) =

CpayesX) = arg max P(Y = ¢ | X = X)

| Error of Misclassification

_”Y;éh(X) —

Define: Definition: Baye’s Classifier

c in|C]

Baye’s Classifier Optimal wrt Setting !

) Intuition: (not a Proof ! ) Recall Risk‘Framework o |

X

- Y|X[| Y£h(X)|X=x

= ExP(Y = 1|09, c + P = 2|01 5.

Minimised by maximising the chance of not making an error !

ETH-zurich
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Bayes Classifier : Naive Baye’s Classifier

Definition: Baye’s Classifier

YA R S SN SAIANl el AR A S N A s D D R D DS D PO R

Cpayes(X) = arg max P(Y = c|X = x)
c in[C]

Assume X = {X;},c, iid then the Baye’s Classifier yield the naive baye’s classifier, where naive stand for the
assumption of the independence in the features

i SN RN Sl AT A

Chave(y) = arg max P(Y = ¢) H P(x;)

. [ ]
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